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PREFACE. 



The attention of the author having been directed, some five years ago, to the 
tedious and unscientific methods commonly used in practice in the preparation 
of tables of " equivalent uniform live loads " for railway under-line bridges, 
it occurred to him that much of the labour which the application of these 
methods involved might be saved, and the work simplified, by a direct appli- 
cation of the funicular polygon. Working on these lines he has succeeded in 
devising a graphical method, whereby, on a single diagram, the maximum shears 
and the maximum bending moments and the points along the spans at which 
they occur can be determined with facility for a wide range of spans and for 
any given type-train. A full description of this method originally appeared in 
Ungineering on September 7th, 1906, and was followed in quick succession 
by three other articles dealing more or less closely with the same subject. 
These four articles are now brought together in Chapters IV-VII of the 
following work, and three other chapters on Diagrams of Bending Moments 
and Shearing Forces in Beams added, in the hope that it may prove useful 
to engineering students in general and to designers of railway underbridges in 
particular. 

The author's thanks are due to Engineering for permission to reproduce the 
articles above referred to and for kindly supplying electros of the diagrams. 

H. Bamfokd. 
Glasgow, November 1907, 
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CHAPTEE L 

Bending Moments and Shearing Forces in Beams. 

The bending moment and shearing force at any cross section, or point, as it is 
more conveniently termed, of a beam, are generally determined on the assump- 
tion that the external forces acting upon the beam are all in one plane — 
the plane of bending — and at right angles to the direction of the beam's 
length. Now, for any such system of co-planer forces, the conditions of 
equilibrium are : — 

(1) The algebraical sum of the components of the forces taken in any 
direction is nil ; and 

(2) The algebraical sum of the moments of the forces about any point in 
their plane is nil. If the forces under consideration, ho-wever, be not in 
equilibrium, then : 

(3) The algebraical sum of the components of the forces taken in any 
direction is equal to the component of their resultant taken in the same 
direction; and 

(4) The algebraical sum of the moments of the forces about any point 
in their plane is equal to the moment of their resultant about the same 

point. 

Let AB, therefore, Tig. 1, represent a beam of span L supported at both 
ends and loaded with a single load W concentrated at a point E, distant d from 

B 
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B, and let Pa and Pg be the supporting forces at A and B respectively. Then^ 
from the above conditions of equilibrium, we have : 

Pa + Pb - W = 0; or Pa + Pb = W; 
and, taking moments about B and A respectively, 

Pa.L - W. f? = ; or Pa = ~^, 



and 



W (L - c^) - Pu-L = ; or Pb = W - 

Fig. 1. 



W.fZ 



= W-P^ 



A 



^ 



J 



\£ 



-X 



e- 



4F- - 1^'^) - 



^ Is 



Now take any point D between A and E, and consider the equilibrium of 
the portion AD of the beam. If, at D, we imagine two opposite forces, Pi and 
Pj, each equal and parallel to Pa, to be applied, these forces, balancing one 
another, will not disturb the equilibrium in any way ; Pa and Pj, however, will 
constitute a couple of moment Pa- AD = Pa-*;, tending to rotate AD in a 

Fig. s. 




clockwise direction, while the unbalanced force Pj will tend to translate A D 
upwards. Considering, in the same way, the equilibrium of the portion BD, 
we see that Pg at B, and W at E, are equivalent to a force = W — Pb = Pa 
acting downwards at D, together with a couple of moment = Pb-BD — W.ED 

= Pb (L - a;) - W (L - « - c?) = - (W - Pb) (L - a;) + Pa-L = Pa-*, 
tending to rotate B D in a counter-clockwise direction. 
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The two equal couples acting in opposite directions upon AD and BD 
Tespectively tend to bend the beam at D, and the two equal and opposite forces 
tend to shear the beam at the point. The moment of either couple is called the 
bending moment at D, and either force is called the shearing force at the point. 

Again, let the beam be loaded in any manner, and assume Ei and E2 to be 
the total loads upon the portions A D and B D respectively, and a and b the 
-distances of their centres of gravity from D (Fig. 4). Then, from the above 
■condition of equilibrium, it follows that : 

Bending moment at D = P^.a; — Ei.a = Pg (L — «) — E2.&, 
and shearing force at D = P^ — Ei = E2 — Pb- 



A\ 






H/-7 


Fig. 3. 
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Or the bending moment at any point of a beam is the algebraical sum of the 
moments about the point of all the external forces acting upon the portion on 
■either side of it, and the shearing force at the point is the algebraical sum of the 
■external forces acting either upon the portion to the left, or upon the portion to 
the right of the point. 

For convenience we shall regard the bending moment at any poiut of the 

Mg. 4. 



^ 
^"^ 






+ 



.1 - 



W 



1 5!^ 

-^---(L-'i--% 



Ibeam as positive or negative according as the beam, under the action of the 
external forces, tends to bend concavely upwards (as in Fig. 2), or concavely 
■downwards at the point, and the shearing force at any point as positive or 
negative, according as the portion on the left of the point tends to slide upwards 
■or downwards relatively to the portion on the right (Fig. 3). 

B 2 
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CHAPTER II. 
Diagrams of Bexdixg Moments and Shearing Forces due to Fixed Loads. 

Case I. — Cantilever fixed at one end and loaded at the other. 

Let A B, Fig. 5, represent a cantilever fixed at B and loaded with a single 
concentrated load W at A. The bending moment at any point D, distant 
X from A, will be M^. = — W.a;, and at B it wiU. be Ml = — W.L, and the 
shearing force will be constant throughout and = — W. The diagram of 

Fig. C. 



(^ 


s^^^ 


A 1^ 


^> 


\fr— X. St 





Fig. 6. 




Fig. 7. 



Ol' 



Z' 



-l/V 



C 



bending moments, therefore, will be a triangle, ah c, Fig. 6, and the diagratn of 

shearing forces a rectangle, as shown in Fig. 7. 

Case II. — Cantilever loaded with several concentrated loads. 

Let the cantilever represented in Fig. 8 be loaded with the concentrated 

loads Wi, W2 and W3. 
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Proceeding as in Case I, the diagram of bending moments due to W^ 
acting alone will be the triangle a 6 61, Fig. 9, and similarly the diagrams 
of bending moments due to W2 and W3 respectively will be the triangles 
c &1&2 and d hjb^, where &1&2 and hj)^ represent — Wj (a^ + 03) and — Wg . oj 
respectively. 

The diagrams of shears due to Wj, Wj and Wg respectively will be 
rectangles, as shown by a'h'c'd', e'c'fg' and h'fik', Fig. 10. 



Fig. S; 




K-1) 



Fig. 10. 
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-IV, 


e' 
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Hence, due to Wi, Wg and Wg combined, the diagram of bending moments 
wUl be the polygon allude a. Fig. 9, and the diagram of shears the stepped figure 
shown in Fig. 10. 

Case III. — Cantilever loaded throughout its length with a uniformly- 
distributed load. 

Let w be the load per unit of length, and D a point distant x from A, 
Fig. 11 ; then, since the algebraical sum of the forces acting on the portion AD 
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00 

1& — wx, and the distance from D of their centre of gravity s. the shear at D is 
S,. = — w.x and the bending moment, M,, = — vj,-^. 



Fig. 11. 



YZZZ/ 



X 






The diagram of shears, therefore, is a triangle, alVd, Fig. 13, and the diagram 

of bending moments the figure ahc, Fig. VA, where ar c is a parabola having its 

vertex at a. 

Fig. m. 




Case IV. — Cantilever loaded with a uniformly-distributed^load over a portion 
of its length only. 

Let the loaded portion A E be of length I, and w the load per unit of length ; 

Fig. 13 




then, for this portion, the curves of bending moment and shear will be the same 
as in Case III, viz., a parabola {af, Fig. 15) and straight line {a!f. Fig. 16) 
respectively. 

Between E and B the shear will be constant and = — w.l, and the bending 
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moment will increase (numerically) at a uniform rate, as shown by the straight 
line fc, from - w ^ at E to - m; ^ I L - ^ ) at B ; and the bending moment at 
any point T), distant x from A, will be M^ = -w.l{x - -A. 



Case V. — Beam supported at both ends and loaded with a single concentrated 



load. 




K- 



H) -f 




Let A B, Fig. 17, be the beam and W the load acting at a point E, distant 
d from B ; then : 

Pa = -^ and Pb = — ^ -■ 

At any point D, distant x from A, the bending moment will be M^. = Pa-s- 
.a;, if D lies between A and E, or M^ = Pas; - W (a; - (L - d)) 

= ^^\(L-.)=P,.(L-.) 



W.d 



if D lies between E and B. The bending moment diagram, therefore, will be a 



s 
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triangle, arh, Fig. 18, where wir [represents Pa-(L - d) = I'b-'^, the bending 
moment at E. 

Again, the shear for all points between A and E will be = Pa, and for all 

Figs. 17 and IS. 



j^^ 
^ 



-- Jt 



(L-ct)-ik--<^- 







points between E and B it will be = P^ - W = - Pb, and the diagram of 
shears will consist of two rectangles as shown in Fig. 19. 

Ga^e Va. — Let the beam in the last case extend over the supports by amounts 
represented by AE and BF respectively (Fig. Via), and assume the supporting 
forces Pa and Pb uniformly distributed over A E and B F. The intensity (or 



Fig. 19. 



*5 



-5 



load per unit of length) of these loads will be v)^ = -r-^ and u'^ = =p-il, and the 

resultants of the loads will pass through the centres, c and c', of A E and B F. 
The diagram of bending moments, therefore, will be as shown in Fig. 18a, 
where c h and /m are parabolas (the same as in Case II, but inverted), and 
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T h and r vi straight lines passing, when produced, through c and c' respectively. 
The bending moment represented by m r, therefore, will be = P^ . c m = 

Fig. 17a. 



^ 






TWn- 



:mt 



.C' i* 






Pg.c'm, and the bending moment at any point between the supports will be 
the same as for a beam having a span equal to c c, with the supporting forces 
concentrated at the points c and c'. The distance c c', therefore, may, so far as 

Fig. ISa. 




bending moments are concerned, be called the " effective span," and A B the 
clear span. 

Again, from the diagram of shearing forces represented in Fig. 19a, it is 



s- 



evident that so far as shearing forces between A and B are concerned, the 
supporting forces Pa and Pb may be regarded as acting at c and c' respectively 
or the distance c d will be the effective span in this case also. 





Fig. 19a. 




^-5 








-5 /^ 
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The span referred to in the following examples is the effective span. 

Case VI. — Beam supported at both ends, and loaded with two or more 
concentrated loads. Let the beam AB, Fig. 20, be acted upon by loads Wi,. 
W2 and W3 at points E, F and G, distant d^, d^ and d^ respectively from B. 
Then :— 



Pb = 



Wi(L - t?0 + W,(L-(?,) + W3(L - d^) 
L 



Now draw, under A B, the horizontal line a h, Fig. 21, to represeut the span,, 
and from h erect the perpendicular 6 e to represent, on any scale. Pa • L, and 
mark the points / and g so that ef and fg represent, on the same scale, Wi . d-L 
and Wj . di respectively. The lines ae,lf and 2 g will then cut the verticals 
through E, F and G- respectively in points 1, 2 and 3, such that the polygon 
a 1 2 3 & will be a diagram of bending moments. For if, through any point D 
in the beam, a vertical line be drawn cutting the lines ae, If, 2 g and a h, in 
r, s, n and m respectively, 

mr be ^ •oa-tk 

— = -J = Ta, or m r = Fa. am = Pa'AD; 

and similarly, r s = Wj .ED, sn = W2 . F D, and mn = mr — rs — sit 
= P.AD - Wi.ED - Wj.FD = the bending moment at D. The ordinate, 
m n, therefore, of the polygon a 1 2 3 &, at any point m along the span, represents 
the bending moment at that point ; or, in other words, the polygon is a diagram 
of bending moments. 

The shearing force between A and E is constant and = Pa ; between E and F 
it is = Pa — Wi, between F and G it is = Pa — Wi — W2, and between G and 
B it is = Pa! - Wi — W2 — W3 = — Pb. The diagram of shearing forces, 
therefore, will be as shown in Fig. 24. 

Another method. A more purely graphical method than the above, and 
one which is of somewhat greater importance in consequence of its greater 
applicability and usefulness, is what may be called "the funicular polygon 
method," which may be described as follows. 

Along a vertical line of loads a 1-3 b, Fig. 23, lay off the distances 



Fig. 20. 
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fl.1-1.2, 1.2-2.3 and 2.3-3 &, to represent, on any scale, Wi, Wa and W3 
respectively ; and taking any pole 0, draw the radius vectors 0~a . 1, 0-1 . 2, 
■0-2.3 and 0-3. S. Then, starting from any point a in the vertical through 
A, Fig. 22, draw a 1, 1 2, 2 3 and 3 I parallel respectively to the above radius 
vectors, to cut the verticals through Wi, W2, W3 and B (Fig. 20) in the points 
1, 2, 3 and h, and then draw the radius vector 0-6 a parallel to the closing 
line, h a, of the funicular polygon a 1 2 3 &. Pg and Pjv will then be represented 
by Z.h-b.a and l.a-a.l (Fig. 23) respectively, and the polygon al2 3ba 
will be a diagram of bending moments. 

For suppose a 1 2 3 6 to be a frame of bars supported vertically at a and 6 
and acted upon by the loads Wi, W2 and W3 suspended from the joints 1, 2 
and 3 respectively, the triangle of forces for joint 1 would then be a. 1—1.2-0 
(Fig. 23), and that for joint a, a.l-0-l.a. Hence, if a. 1-1. 2 represent 
Wi, 0-a.l would represent the pull in la (Fig. 22) and l.a-a.l the 
supporting force at a ; and as the supporting forces are obviously the same for 
both the frame and beam, h . a-a . 1 will represent P^. Similarly, 3 h-h a wilL 
represent Pg. 

Now draw through the pole a horizontal line to cut the line of loads in 
K, and through any point D in the beam a vertical line cutting a 1, 1 2, 2 3 
(produced if necessary) and a & in r, s, n, and m respectively. Then, since the 
triangles r m a,rsl and sn2, Fig. 22, are respectively similar to the triangles 
b. a-a. 1-0, a. 1-1. 2-0 and 1.2-2.3-0, Fig. 23, 

rm_ ra _AD _Pa.AD 

Pi ~ ^JT^ ~ OTL' °^'"^- OK 
rs _ _J^1_ __ ED _ Wi.ED 

Wi " T72^ ~ H' °^ ^ ^ ~ OK 
n n2 FD W2.FD 



rm 




b.a-a. 


1 


rs 




a. 1-1 


.2 


s n 





^^•^ 172=273 = Wr 2T3=0 =^^'Ovsn = 

Therefore mn = r m — rs — sn = 



1.2-2.3 W2 2.3-0 OK' OK 

Pa.AD - Wi.ED - W2.FI> Mx 



OK ~0K' 

and M,,., the bending moment at D, is = mn x K, where ni n is measured on 
the linear scale on which A B represents the span, and K on the scale 
of loads. 
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The diagram of shearing forces can be readily constructed by drawing the 
base line h'V through the point h a, Fig. 23, and projecting across from the points 
of division in the line of loads as shown in Fig. 24. 

Note. — If the first and last sides {a 1 and 6 3) of the funicular polygon 
a 1 2 3 & be produced to meet in T, and a T & be regarded as a frame supported 
at a and h, it will be clear, from the triangle of forces a . 1-3 5-0, that a 
load = Wi + Wa + Wg at T would give the same supporting forces at A and B 
as before. Hence Wj + W2 + Wg at T is equivalent to Wj at E + W2 at F -|- 

Fig. 25. 



A 


r-Z' 
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/////, 
<' 


1 
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e — Oc. — * 






c 

a' 



r-^-^.^^^ 


Fig. 27. 
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^0 






^^^^ 


-^^^ 



r 



c 



Ws at G ; or T is a point in the line of action of the resultant of Wi, W^ 
and W3. 

Case VII. — Beam supported at both ends and loaded throughout its length 
with a uniformly-distributed load. 

Let w be the load per unit of length and Pa and Pg the supporting forces. 
Then :— 



Pa = Pb = 



w.L 



14 



MOVING LOADS ON RAILWAY UNDERBRIDQES. 



the bending moment at any point D, distant x from A, is : 

2 ~ 2 
L 



M, = V^.x-w.%='^{l.x-x') . . (1) 



and the shear at D is : — 

^., = 'Pj^—wx = wi-^ — x\. . . (2) 

The bending moment, M^, varies with the ordinates to a parabola, a v b, 
Fig. 26, of which (1) is the equation. At the centre the bending moment is a 

maximum, is=-7,fL.-^— (^j j = — ^—, and is represented by the ordinate v o 

in Fig. 26. The shear, S^,, varies with the ordinates to a straight line C C, 




J' 2' /' V 



2; 3' 



Tig. 27, from -\ — ^ at A to ^ at B, and is nil at the centre. 

The parabola avh, Fig. 26, may be constructed as follows. Having set off 

T 2 

■ov &t right angles to ah to represent, on any scale, —5—, complete the 

rectangle, aide, Fig. 28, and divide vd, ve, db and e a into the same (any) 
number of equal parts. Now draw through the points of division 1', 2', 3' . . . 
in V d and v e lines parallel to vo and join v to the points of division 1, 2, 3 . . . 
in e a and d b. Then the intersections oi vl,v2, v?> . . . with the lines drawn 
through 1', 2', 3' . . . respectively, will give points on the parabola required. 

Case VIII. — Beam supported at the ends and loaded with a uniformly- 
distributed load over a portion of its length only. 
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Let L be the length of the span ; I the length of E F, the portion loaded 
-with a uniformly-distributed load of iv per unit of length, and d, the distance of 
r from B. Then :— 

'Wl(\+d) 

wl(l.-d-l\ 
and P3= ~^^f ^- 

For any point between A and E, distant x from A, M^, = Pa x which varies 
"with X according to the ordinates to a straight line, a e, where e e! represents 
Pa.AE. 

For any point, D, between E and F, 



M, = Pa. A D - W.D E.^ and at F, M, = P^. A F - ^~^-^. 

For points between F and B, 
M, = Pb (L - x). 

To construct the bending moment diagram, therefore, lay off I h', Fig. 30, to 

represent P^.L, and let a V cut the vertical drawn through E in e ; ee! will then 

represent Pa . A E, the bending moment at E. Now let the vertical drawn from 

any point D, in E F, cut ab in m and ab' in q; then q m will represent Pa. A D, 

W.CDE)^ 
and if we lay off along qm, a length qp to represent \^ —, mp will represent 

CD E)^ 
Pa. A D — W.^^ — ^, the bending moment at D. Other points may be obtained 

on the parabolic curve, iff, in the same way, and the diagram completed by 

■drawing the straight ILne/ft. 

Another method. Consider EF as if it were a uniformly-loaded beam 

supported at E and F and draw the parabolic curve e's/' for the uniform 

load. The bending moment at any point D of this beam will be 

F F w fE D^^ 

'^^ = y] -JL_ .ED -^ — -, and will be represented by the ordinate m s. Now 

2 ^ 



join e with/, Fig. 30, and let ef cut q m in n ; then, from similar triangles 
an en ED , ED 
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And since r/ and qp represent ^^ '' and '^'^^-^ — - respectively, 

pn{ = qii — qf) represents — ^ ' -=^ — — ^ ■ = Md, or ^ w = wi s. 

^ -hi Jb Ji 

Fig. 89. 
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Hence, erecting the ordinates e'e and /'/ to represent P^-AE and Pb-BF 
(the bending moments at E and E respectively), and drawing the straight lines a e, 
ef and fh, and then erecting ordinates from ef equal to the corresponding 
ordinates of the parabola e' sf, the diagram of bending moments aepfl will 
be obtained. 
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The diagram of shears will be as shown in Pig. 31. 

3. Eelation between the bending moment and shearing force at any point of 
a loaded beam. 

(a) Concentrated loads. 

Let the beam be supported at the ends and loaded as represented in Fig. 20 
then: 

between A and E the shearing force Si = P^ ; 

» E „ F „ S, = P^-Wi; 

., F « G „ S3=Pa-Wi-W,; 

.. G„ B „ S, = P^- Wi-W, -W3= -Pb; 

and at E the bending moment Mg = P^i^.AE =Si.AE; 
„F „ Mf = P^.AF-Wi.EF; 

= Pa.AE + (Pa - WOEF = M.^ + S^.EF; 
„G „ M(j= Pa-AG -WiEG - Wj.FG; 

= PA.AF-Wi.Er + (PA-Wi-W3)FG; 

= Mj + Ss.FG. 

_ Mb q Mf - Me „ J Mq - Mp „ , . 1 -f a u 

Hence -r^ = Sj, - -t-t;. = ^2 and — ^rp — = S3 ; and, m general, if S be 

the shearing force in the segment between any two consecutive loads, 8 L the 
length of the segment, and S M the increment of the bending moment, then : 

S = -^^, or the shear at any point of the beam is equal to the rate of increase 
o Li 

of the bending moment at the point. 

(6) Continuous loads. 

Let the intensity of the load vary from point to point with the ordinates to 
a continuous curve (or straight line), as represented in Fig. 32, and consider any 
two points a and h at an infinitely small distance d x apart. Let M„ and S^ be 
the, bending moment and shear respectively at a, and M,, and Sj, those at h, 
and let w be the intensity of the load — load per unit of length — over a b, 
then : 

S,= S,-w.dx, or ^^-^-^ = j-^^ = -w ... (1) 

c 
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and, since the forces acting upon the portion of the beam to the left of a are 
equivalent to a couple M^ and a force S<„ acting upwards at a, 

dx 



M^ = Ma + SacZa; — w.dx.- 



2 ' 



= Ma + S^.c^a; — an infinitely small quantity of the 
second order which may be neglected ; 



or 



M, - M„ ^ g ^ tZM 
dx " dx 



(2) 



Hence, from (1), the intensity of the load at any point of the beam is equal to 
the rate of decrease of the shear at the point ; and,, from (2), the shear at any 
point is equal to the rate of increase of the bending moment at the point. 

Fig. 3S. 



7777. 




:<-fl?3f»l 



Again, from (1), we see that if for any portion a 5 of the beam m; = 0, then 
«^ S = 0, or the shear S is constant for that portion ; and, from (2), if the shear S 

at any point is nil, then -^ — = 0, or the bending moment at the point is either 

0/ OS 

a maximum or a minimum. 

Further, if v}—f{x) be the equation to the curve of loads, then 

S = — \f{^x)dx will be the equation to the curve of shears, and M = S.c^a; 

the equation to the curve of bending moments. 

Example. — Let the equation to the curve of loads be w = ax, where a is a 
constant ; then : the intensity of the load at B will be a L, the diagram of loads a 

T 

triangle, ABB', Fig. 33, the total load W upon the beam -^-.L, and the 
distance of the centre of gravity of the load from B will be ^ . 
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Therefore 
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Fig. 33. 
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Fig. 34. 
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Fig. 33. 




and 



g _ _ Cf(x)dx = - i ax.dx = - "^ + c, where c, the constant of 



integration, is = Pa = — ^ 



since S = Pa when x = 0. Therefore 

c 2 
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S = « y-^ — y ), a parabola a'eh', Fig. 34, of which S = when x = 

L 

— ^ = ae. 
x/3 

Again M = \ b.dx = \ a[-^ — -^J dx = —^ — ^ '- + (the constant 

of integration being nil, since M = when x = 0). 

Hence, M = ^ (l?x — x^) is the equation to the curve dfg of bending 

moments (Fig. 35), and M is a maximum when x = — =, or M^j^,; 
6^ V3 V3^^ 9\/3' 
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CHAPTEE III. 

Diagrams of Bending Moments and Shearing Forces due to 

Moving Loads. 

Continuous Loads. 

Case I. — Beam supported at both ends acted upon by a uniform moving load 
of length greater than the span. 

Let v) be the load per unit of length, and D a point in the beam distant 
.<■ from A, Fig. 36. Assuming the load moving across the span from' right to 
left, when the front, E, of the load is to the right of D, the bending moment at 
this point will be ML^ = V^^.x, which is obviously greater when D B is fully 
loaded than when only partially loaded. Now suppose the load to extend up 
to or beyond D ; then, the bending moment at D will be M^, = Pb . (L — a;) — 

— ^^-= ^, and as this is a maximum for any given value of x when Pb is a 

maximum, it follows that the bending moment at any point D is a maximum 
when A B is fully loaded. The diagram of maximum bending moments, 
therefore, is a parabola avh, Fig. 37, the equation to which is : — 

M. = I (La; - a;^) (I) 

or the same as for Case VII, Chap. II. 

Maximum Shear. — When the load extends over a portion, B E, only of the 
beam, the shearing force at any point D, between A and E, will be positive and 
equal to P^ ; and will obviously be greater, therefore, when D B is fully loaded 
than when only partially loaded. 

Now suppose the load to advance a little towards the left, so that the front. 
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E, comes to some point, E', between D and A, and let w' be the load upon the 
portion D E'. As the front of the load advances from D to E' the supporting 
force Pa will be increased by a fractional part only of the load w', but the shear, 
being equal to the new supporting force at A minus the whole of w', will be 
decreased. The positive shear, therefore, at any point D of the beam will be a 

Fig. uO. 
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maximum when the front of the load has advanced up. to the point from the 
right abutment B. 

In the same way it is easily shown that if the load advances from A towards 
B the shear at any point D between B and the front of the load will be negative, 
and (numerically) a maximum for that point when the front of the load has 
advanced just up to the point. 

Fig. 07. 




Hence, the maximum positive shear at any point D, distant x from A, is : 

w.(L — xf 



i^ir. — "a — 



and the maximum negative shear is : 



2L 



^x J- B - 2 L 



(2) 



(3) 



The curves of maximum positive and maximum negative shears are the 
parabolas deh' and a'dd'. Fig. 38, of which (2) and (3) respectively are the 
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equations, and from this figure it is seen that, so far as magnitude alone is 
concerned, the shear at any point wUl be a maximum when the load extends up 
to the point from the farther support. 

Case //.—Beam supported at the ends and acted upon by a uniformly- 
distributed dead load together with the uniform moving load of the above case. 

Let Wi be the moving load, and W2 the dead load per unit of length. Then, 



Fig. 3i<. 




due to the dead load alone, the bending moment at any point D, distant x from 
A, wOl be (see Case YII, Chap. II) : 



and the shear will be 



M^ = ^ (L a; - x^), 



^x = W2 (^2 ~ ^j- 



Hence, substituting Wy for w in equations (1), (2) and (3) of the last case, for 
the combined dead and live (or moving) loads we shall have : 

maximum bending moment M^. = -^—= — - (hx — a?) . . . . (4) 
„ positive shear S^. = ^ „ -, + W2 ( ^ — a;) . . (5) 

and „ negative shear 83.'= — ^-r~ + W2\j, — xj . . . (6) 

The diagram of maximum bending moments, therefore, is a parabola, similar 
to avb, Fig. 37, of which (4) is the equation, and of which v 0, the ordinate at 
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the centre, represents 
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The diagrams of positive and negative 



shears are the parabolas cZ K V and d'K'Y', of which (5) and (6) respectively are' 
the equations. 

To find the point K' put SJ = when 






w, 



or X 






Fig. 39 



V 



^ 

? 

-i-; 






k-- f^/^ — >; 



^/ 










V 



--> 



Similarly, putting S^ = in (5), we get : 



To find V, differentiate equation (6) at equate to zero, when we get 



WiX 



j- i'.'2 = 0, or a: = ? L ; and putting this value of x in (6) we get 

^ - - 2L-U ^) + '"' \2^w,^)=+''^-2i} + w} 
In the same way, or from symmetry, we obtain, for the co-ordinates of V, 

a; = L (^1 + ^) and S = - Wa ^-(l + ^). From Fig. 39 it is clear that 
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between a' and K' the shear is always positive, between K and V it is always 
negative, and between K' and K it is sometimes positive and sometimes 
negative. Hence K' and K are the limiting points between which counter- 
bracing may be required in the case of braced girders. 

Fig. 40. 
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Case III. — Beam supported at both ends and acted upon by a uniform 
moving load of length less than the span. 

Let I be the length of the moving load, w the load per unit of length, x the 
distance from A of any point D of the beam, and 3 the distance of the right 
extremity of the load from D, Pig. 40. 

Then :— 



Pa = 



(^L - ,r - 2 + -a ) and the bending moment at D is 



,, w.l /-r , l\ 



(I - zf 



(1) 




For a maximum at D, z must have such a value that -^ = Q; 

wlx 



or 
or 



+ w{l-z) = Q 



z = l - 



Ix 



(2) 



Ij — X 



That is, for a maximum bending moment at any point D, y = — j^ ; or the 
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point D divides the length, I, of the load into two portions which bear the same 

xatio to one another as the corresponding portions, D B and D A, into which it 

divides the span. 

Fig. JiS. 
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Substituting I — ^ for « in (1) we get for the maximum bending moment 

atD, 

i\/r _ '"'■^ It I l.x) w V'o? 

xu.l.x „ . (^ I \ 

= ' L ^ ^^ - *) (,1 - 2lJ 



c 

* 


Fig. JfS. 


a 





^^ 



^r^ij 



I 
-4- 
C 

the equation to a parabola, a « &, Fig. 41, of which the ordinate ?; o at the centre 

represents '^ ^ ( 7 — h j, the maximum bending moment at the centre. 

Maximum Shearing Force. — Assuming the load moving across the span from 
right to left, the maximum positive shear at D will occur when the front of the 
load is at the point, and the maximum negative shear when the rear of load is 
atD. 
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While a portion of length y of the load (Fig. 42) only is on the beam, the 

maximum shear under the front of the load will be S = -hj > or, for a point 

between V and e, where h'e = I, the maximum positive shear will be given by 
the ordinate at the point to the parabola Vf, but when the load comes wholly on 
the beam the maximum positive shear at any point between e and A, distant x 
from A, will be : 

(l-.-J) 

S^= Pa= wL- ^, 

L 

which is the equation to the straight line cfg, Fig. 43. The diagram of positive 
shears is, therefore, a'cfh', and if we now assume the load to move across the 
span from left to right, we shall obtain a similar diagram aJfc'V for the maximum 
negative shears. 

Concentrated Loads. 

Case IV. — Beam supported at both ends acted upon by a single load W 
rolling across. 

Let W be at any point D, distant x from A, Fig. 44, then : — 

Pa = W.^^ Pb = W.^ 

and the binding moment at D will be : 

M, = P^.jc = Pb.(L-x). 
If D now move towards B, Pa will decrease and the bending moment, V^.x, 
will decrease at the same time ; and, similarly, the bending moment at D will 
decrease if w move towards A. Hence, the maximum bending moment at any 
point, D, of the beam will occur when the load is at the point, and its value will 
be: 

M_ = PA.^ = W.<^-^^a; (1) 

The diagram of maximum bending moments, therefore, is a parabola avh, 

W.L 

Fig. 45, where v o, the ordinate at the centre, represents -^r— . 

Again, as the load W moves up from B to D, the shear Sj, ( = P^) at D will 
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increase from zero to + W . ^ — = — ' ; on passing the point, however, and con- 
tinuing to advance towards A, the shear will become negative and equal to 
Pa — W = — Pg, which diminishes, numerically, as W approaches A. 

The positive shear, therefore, will be a maximum for any point when the 

Fig. U- 
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load is just to the right of the point ; and the negative shear will be a maximum 
when the load is just to the left of the point, their values for a point distant x 
from A being, respectively, 

S, = W.-^' (2) 

and „ , Wa; ,„> 

&^ = — -J--. ... . . . \p) 
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The diagram of positive shears, therefore, will be a triangle a' c V, Fig. 46, 
and that of the negative shears a triangle a' V c'. 

Case V. — Beam supported at both ends and acted upon by two moving loads, 
Wi and Wa, at a fixed distance apart. 

Eeasoning in the same way as before, it is easily shown that the maximum 
bending moment at any point will occur when either one or other of the loads is 
over the point ; and the bending moment due to both Wi and Wj at a point 
under either load may be obtained by adding the bending moments at the point 
due to Wj and Wj found separately. 

Let d be the fixed distance between Wj and Wa, and suppose the loads to 
move across the span from right to left. Then, due to Wi alone, the bending 
moment at a point distant x from A, when Wi is over the point, will be as given 
by equation (1) of last case, and, therefore, will vary with x according to the 
ordinates of the parabola 

iM; = Wi (L - x).J (4), or av,l. Fig. 48. 

Now, W2 will not come on the beam until Wi has moved through a distance 
he = d from B, but as Wi moves further to the left and comes to a point distant 
X from A, the bending moment at the point due to Wa alone will be : — 

iM;' = W2(L-,i-c^)J (5) 

the equation to the parabola a % c, Fig. 48. 

Hence, for values of x between and L - rf, the bending moment under Wi, 
due to Wi and Wz together, will be : — 

M.= iMJ + ,MJ' = {W, + W,)(L-x)^-W,.d.^ . . (6) 

the equation to a parabola a Yin which cuts the parabola avih at some point IC 
The diagram of bending moments for points under Wi, therefore, will be 

aViK6, Fig48. 

In the same way, assuming the loads moving across the span from left to 
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right and x the variable distance of Wa from A, we obtain, for points under W^, 
the parabolas a' vl V, c' v{ V and n! K' V2 V, the equations to which are 

M^ = ^^y~^^.x. (7) (due to W2 alone). 

2M;' = Wi ^^-^+<^) ^ _ ^^ ^_ (8) (due to Wi alone). 

and 2M, = 2M,' + 2M/ = (Wi+W2)(L-a;)|-Wi^^^.(^. (9) 

(due to Wi and Wa combined). 

Fig. Jft. 



(^ (^ 






And the diagram of bending-moments will be a! K' V2 V. 
Combining the diagram, a Vi K 6 (Fig. 48), of maximum bending moments 
for points under Wi, with the diagram, a' K' Vj V (Fig. 49), of maximum 

Fig. J(8. 




bending moments for points under Wa, we obtain the diagram. A' Vi / % B', 
Fig. 50 ; the ordinate to which, at any point, will give the actual maximum 
bending moment at the point. 

From this diagram (Fig. 50) it is seen that for any point between A' and r 
the maximum bending moment will occui' when Wj is over the point, and for 
any point between r and B' the maximum bending moment will occur when W2 
is over the point. 
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Again, from equations (6) and (9) it follows that, for any point distant 
X from A, W^ at the point vdll give a greater or less bending moment than will 



L — a; 



W..d.x 



"Wj according as iM^ - aM^ = Wi. — j-^.rf - "':""" is positive or negative ; 

W 
that is, according as x is less or greater than _^ .L (= AV) . (10) 



> i -n.' \c' 



Fig. Ifi. 




This equation, however, will only give the limiting value of x, for which Wi 
gives a greater bending moment than W2, so long as the distance, i, between the 
loads is not greater than half the length of the span when the loads are equal, 

Fig. 50. 




or greater than some less distance, d', depending upon the ratio Wi : W2 when the 

loads are unequal. For if d be greater than ^ (or d') the diagram of maximum 

bending moments will assume the form shown in Fig. 53, where u^, and not r', 
gives the limiting value of x required. 
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Point of Greatest Bending Moment. 
From equation (6), by differentiation, we get : 
— J (L — Ix) — Wa-Y-, which vanishes when 



dx 
L - 2x = 



W, 



W, 



d 



Wi + W/"^' ""^ 2. ^~W, + W2"2 



= AO - AE = EO, Fig. 52, 



wliere E is the point of greatest maximum bending moment under Wj. Kow, if 



G be the centre of gravity of Wi and Wj, 6 E = 



Fig. 51 



Wi + W, 



.d = 2 X EO. 




The greatest maximum bending under Wi, therefore, will occur when Wi 
and G, the centre of gravity of Wj and W^, are equidistant from, and on opposite 
sides of, the centre of the span. Similarly, by differentiating equation (9) and 
equating to zero, we shall find that the greatest bending moment under Wa 
occurs when that load and G are equidistant from 0. 

Another Proof. — Equation (6) to the parabola A' Vi n, Fig. 50, can be written 



in the form 

W1 + W2 






[x^ - (: 



or 



Wi + W, 
Wi + W2 /L 



y\ 



{ /L Wg t^\Y__ W1 + W2 /L 

r \2 Wi + W2"2j/'~ L \2 



W, 



d 



• 2) -1^^.=, 



L \7 \2 Wi + W2-2y/ L \2 Wi + Wa' 

which is the equafion to a parabola having its vertex at "a point Vi distant 
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3a 



- — „7- , \-xT -K (11) from A, and at a distance =- ^ ^ 
2 VVi+ W2 2 



W, 



L V2 Wi+W2"2^ ^ -* 
below A' B'. (12) gives the greatest bending moment under Wi, and (11) gives 
the point along the span at which it occurs — the same as before. Similarly, 
equation (9) can be written in the form : 



— f (a; - ay = — ^ 



^^-(^M, + Wic^) 



Fig. 02. 



^ 


\ 


-^ 


a. 








4. 


_L ^_\^ 







(where a = ^ + .^ ' -s), giving for the vertex V2 of the parabola n'Y^b', 
Fig. 49, the co-ordinates a and — ^^^ — -.a? — W^.d, and thus showing that the 
greatest bending under W2 occurs when "W2 is at a distance to the right of O 
equal to f^, Fig. 52^) half the distance of G from W2, and that the value of this 



bending moment is = — ^^ c^ — Wjrf. 
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Diagram of Maximum Shears (Fig. 51). — The maximum positive shear at 
any point D, distant x from A, will occur when Wj is just to the right of the 
point, and the maximum negative shear will occur when W2 is just to the left 
-of the point. 

At a point under Wj, distant x from A, the shear due to Wj alone will be 

L — ,« 



iS, = Wi 



(13) 



Fig. 54 



o?^--._ 



(vvj) @ (Mj) 




and that, at the same poiht, due to Wj alone,. will be 



iS. = W, 



(L - X - d) 



(14) 



provided x be not greater than A c = L — c? (Fig. 51), for until Wj, moving 
towards the left, has come to 0, where 'S>c = d, Wj has not come on the span, 
.and will, therefore, not produce any shear in the beam. 

Now (13) is the equation of the straight B E where A E represents Wi, and 
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; therefore, if we 



make E F = A T and join F to the intersection M of the vertical through C with 
B E, we obtain the diagram A F M B of maximum positive shears. The diagram 
AM'F'B of maximum negative shears may be obtained in the same way. 

Case V. — Beam supported at both ends and acted upon by three moving 
loads at fixed distances apart. 

The methods adopted in the last case for two moving loads can be extended 
to three or more loads. For example, if we have three loads, Wi, W^ and W3 at 

Fig. 56. 




I 

-^ u 

distances of d^ and d^ apart (Fig. 54), the maximum bending moment for points 
under Wi will be given by the equation : 

iM^ = {Wi.(L - «) + Wo (L - :i; - c^i) + WsCL - x - d^ - d^\^{= P^.a;) 

= (W, + W, + W3) (L - .;).^ - f(W, + W3) d^ + W3<^.] ~ . . (1) 
for points under W2 it will be : 

,M,, = [Wi (L - ;-; + d^) + W^ (L - ..) + W3 (h-x-d^)^- W,.d, (2) 
and for points under W3 it will be : 
3M, = {Wi (L - ./J + d, + d,) + W2 (L - .« + d,) + W3 (L - a;)} J 

-W,(d,+d^)-W.^.d.^ (3) 

D 2 
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wMch are the equations to the parabolas A' ri n, m! V2 m' and n' 1-2 B' respectively. 
Pig. 55 (in this figure d^ = dz and Wi = W3). 
Now equation (1) may be written in the form 

W, + W, + W3 ( , ( W,d, + W 3 (d, + d,)\l 

W. + W. + W3 ^^ _ ^^^. ^ ^ W. + W. + W3 ^^ ^.^ _ ^^^ _ ^^^ 

, L W,c^i + W3 (^1 + d,) L 1 

where a, = ^- ^ (W, + W, + W3) = 2 " 2 ^^^' 

where G Wi is the distance of the centre of gravity of Wi, Wa and Ws from W,. 
Now (4) is the equation to a parabola A'rin, of which the co-ordinates of the 
vertex Vi are 

J / Tir S Wi + W2 + W3 „ 

a: = Ui and y (or jM^) = ^j^ . Ui. 



Hence the vertex Vi of the parabola A'tiTi (or the point under Wj, where the 
bending moment is greatest), and the centre of gravity of the total load are 
equidistant from the centre of the span, and the maximum bending moment 
. ^ W,+W, + W 3 

IS liVlmax— T •'''1 • 

In the same way equations 2 and 3 can be written in the forms 

C* - a^y = -r — -' . a2' - ^M^ -W^d^ . (5> 



Wi + W2 + W3 ,. ,, S2 _ Wi + W2 + W3 



and ^-+^- + ^ --(.-.3)-= ^- + ^- + ^- .a3--.M. 

- Wi((^i + £Z2)- W^rf^ (6) 

Now (4), (5) and (6) show that the three parabolas AViW, m'Yiin' and wVaB', 
Fig. 55, are portions of the same curve, but with different positions of the 
vertex. In fact, they are portions of the parabolic curve of bending moments 
due to a single rolling load equal to the sum of the several loads Wj, ■W2 and 
Wg. They also show that the maximum bending moment under any load will 
occur when that load and the centre of gravity of the whole of the loads are 
equidistant from the centre of the span. 
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The above results are true for any number of moving loads so long as the 
loads are on the span when the position of theii- centre of gravity is taken, and, 
therefore, the curve of maximum bending moments will consist of a number of 
arcs of the same parabolic curve, the axis being always vertical, but the vertex 
occupying different positions for the different arcs. A diagram of bending- 
moments for four loads is shown in Fig. 73, p. 65. 

Diagram of Maxdmum Shears, Fig. 56. — Proceeding as in the last case 

(Fig. 51), if we set off F^r representing W3 ^ — ~ ^ ~ '^' and join g to the point 

of intersection, IST, of F M with a vertical,/ N, drawn at a distance = d^ + di from 
B, AgNMB will be the diagram of positive shears, and the diagram of negative 
shears can be similarly completed, as shown in Fig. 56. 

Case VI. — Beam supported at both ends and acted upon by any number of 
moving loads at fixed distances apart. 

The methods adopted in the last case for obtaining the diagrams of maximum 
bending moments and maximum shearing forces for three loads can be applied 
to any number of loads, but the greater the number of loads the greater is the 
complication. Diagrams approximating closely enough for all practical 
purposes to the true forms can be readily obtained, however, as shown in the 
following paragraph. 

Diagram of Maosimum Bending Moments. — Let the loads be a, I, c, d, e, f, and 
g, and let their relative positions be as shown in Fig. 57. Along a vertical 
line lay off the distances xa-ah, ah-bc, cd-de fgsy, represent- 
ing, the loads a,h, c,. . . .g respectively; then, taking any pole 0, and starting 
from any point x, draw X A, parallel to 0-x a, to cut the vertical through 
load a in A ; from A draw A B parallel to the radius vector 0-a h to cut the 
vertical drawn through load & in B and so on ; thus obtaining the funicular 
polygon XABC...GY. 

Now let the beam, in the first instance, be placed with its left terminal under 
load a, as shown in Fig. 57 ; then, as was explained in reference to Fig. 22, 
A B C D 0' wiU be a diagram of bending moments ; and if the beam be divided 
into five equal parts (in practice the number should be at least ten) and 
through the points of division 1, 2, 3 and 4, vertical lines be drawn, the inter- 
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cepts 1^1, 2^2, 3^3 and 4/4 will give the bending moments at distances of one- 
fifth, two-fifths, three-fifths and fonr-fifths of the span respectively from the left 
terminal. Now, instead of moving the loads across the span from right to left, 
imagine the beam to move, under the loads, from left to right ; then, when the 
•beam has moved through a distance of one-fifth of the span — the left terminal 
coming to the point of division marked 1 and the right terminal to 1'— the 
new diagram of bending moments will be 1 B C D E, and the new bending 



Fig. 



•Jca. 




(S) (D (^ (3) (e) 




moments at the distances of one-fifth, two-fifths .... of the span will be given by 
the intercepts 2 mi, 2>m2. . . Giving the beam further successive shifts to the 
right through distances of one-fifth span, we obtain, in succession, the bending 

moment diagrams, 2CDE2', 3DEF3', 4DErG4' 

The diagram of maximum bending moments. Fig. 59, can now be plotted 
as follows : Let 0', divided into five equal parts, represent the span ; then, 
from the points of division, erect ordinates 11', 22', 33' and 44', represent- 
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3» 



ing, respectively, the greatest of the bending moments obtained at the distances 
from the left terminal of the beam of one-fifth, two-fifths, three-fifths and 
four-fifths span ; that is, make 1 1' equal to the greatest of the distances 



Fig. 58. 



(?) (f) (c) G) G) 




1^1, 2mi, 3rei . . . (Fig. 57) ; 2 2' equal to the greatest of the distances 2/2, 3m2, 
4^2 • • • (obtained either by scaling off or with a pair of dividers) and so on. 
A fair curve drawn through the points 1' 2' 3' 4' 0', Fig. 59, will then 
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approximate more or less closely to the true form of the actual diagram of 
the maximum bending moments. 

Diagram of Maximum Shearing Forces. — Draw the vector or force polygon 
and the funicular polygon as before, extending the line A X, however, as shown 
in Kg. 58, and adding the load-steps TiLL'MM'N. . . . as explained with 
reference to Fig. 24. When the right terminal of the beam is just to the right 
of load a the negative shear will be equal to L L' or a, but the positive shear 
(and supporting force at left terminal) will be nil. Now suppose the girder to 
advance towards the right through a distance of one-fifth span, it will then occupy 
the position shown in the figure, and 1 A 1' will be the corresponding diagram of 
bending moments. 

Now draw from the pole a line parallel to the closing line I'l to cut the 

Fig. 59. 
.1 



Z 3' 

/ 2 5 4-0 



line of loads in 1 1' and through this latter point a horizontal line 6i &i imder the 
girder ; li\ will then be the base line and b^ Ti L L'E 6i the diagram of shearing 
forces for the girder in the position shown, as was explained with reference to 
Pigs. 22, 23 and 24. Advancing the girder in this way through successive 
intervals of one-fifth (or one-tenth) span, we obtain, in succession, the diagrams 
of bending moments 2 A B 2', 3 A B C 3' . , . . , and drawing from pole lines 
parallel to the closing lines 2'2, 3'3, etc., to cut the line of loads in the points 
2 2', 3 3', etc., and through these points horizontal lines under the girder, we 
obtain the respective base lines h^h^, J3&3, etc. The vertical (dotted) lines drawn 
at intervals of one-fifth span will divide each base line into five equal parts, and 
the ordinate to the stepped figure at each point of division will give the shearing 
force corresponding to that point, the shearing force being positive or negative 
according as the ordinate is measured upwards or downwards from the point. 
To plot the diagram of maximum shearing forces (Fig. 60) take a pair of 
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dividers and obtain, first, the greatest of the ordinates measured downwards to 
the stepped figure for the right extremities \, hi, h, etc., of the base lines and 
lay it off along O'S'. Then do the same for points at one-fifth span from the 
right extremities of the base lines, and lay it off along 4 4", and so on. Now 
•obtain for points at one-fifth span from the right extremities of the base lines the 
greatest of the (positive) ordinates measured upwards and lay it off along 4 4'. 
Repeating this operation (which is much more rapidly done than would appear 



Mg. 60, 




from this description) the diagram shown in Fig. 60 can be completed. It 
approximates more or less closely to the true form of the diagram of maximum 
positive and maximum negative shears. A method of determining the greatest 
maximum bending moment and the point along the span at which it occurs will 
be explained in the next chapter, together with a method of determining the 
greatest maximum shearing force. 
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CHAPTER IV. 

Graphical Deteemination of the Maximum Bending Moment and 
Maximum Shear due to a Teain-Load. 

As a preliminary to the design of railway underbridges it is now customary tO' 
prepare tables of "equivalent uniform live loads" for spans varying from 5 feet 
to 200 feet. The train-load usually taken for any particular railway and span 
as a basis of calculations is the locomotive, or, for larger spans, the combination 
of locomotives in use on the line, which, coupled together in the form of a. 
continuous train, gives either : • 

1. The maximum bepding moment, or 

2. The maximum shear. 

If M be the maximum bending moment, and S the maximum shear produced 

by the axle-loads as the " type-train '' crosses the bridge, and if I be the effective 

•span, then, for each track, the "equivalent uniform load derived from the 

maximum bending moment " will be : Wj = -j, and that " derived from the 

maximum shear " will be : Wa = 2 S. In the tables of equivalent uniform live 
loads, however, these values are usually increased by 2J per cent, to provide for 
possible future increase of the .axle-loads of the type-trains. 

Effective Span. — To determine the effective span, let the clear span (Fig. 61), 
be 2 c, the total length of each of the girders 2 (c + a), and the uniform load 
per unit length w. The bending moment diagram will then consist of the three 
parabolas, d e, efg, and g h (Fig. 62), and if the parabola efg be continued, it 
will cut the base-line dh ink and I, where the distance Jc I represents, so far as 
the bending stresses are concerned, the effective span of the girders. The 
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effective span h I may also be determined as follows : — Each of the abutment 
reactions will be = w (c + a), and will act at a distance = c + % from the 

centre of the span ; also, the load on each half of the girder will be = w (c + a), 
and the distance of its centre of gravity from the centre of span will be 
= 4 (c + a). Hence the bending moment at the centre will be 

= w (c + a){c + ''^-w(c+ a) -^-+^> = «, fc + «) | = w ^, 

where 2 c' is the effective span h I. 

Therefore the effective span = kl = 2 \/{c + a) e. 

Figs. CI, 63 and 63. 




So far as the shearing stresses are concerned, it is clear from the shearing 
force diagram. Fig. 63, that the effective span is the same as the clear span. 

Maximum Bending Moment. — For a given type-train and a girder-bridge of 
given span, the greatest bending moment occurs — at a point near the centre — 
when the train extends over the whole length of the bridge, and when at 
the same time the heaviest wheels of an engine are near the centre of 
the span. 
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In most cases we are thus enabled to see at a glance what wheel-loads on the 
bridge will give the greatest bending moment ; while in the others it is only- 
necessary to test two, or, at most, three, sets of wheel-loads to obtain the one 
required. For example, if we take a piece of paper, or a scale, on the edge of 
w^hich a distance of 50 feet is marked, and move it under the wheel diagram in 
Fig. 65 we see at once that the axle-loads which will be on a bridge of this span 
when maximum bending occurs are those marked a, h, c, d, e, f and g. If, 
however, we proceed in the same way for a span of 100 feet, it will appear 
■doubtful as to whether the axle-loads marked /" to a', or those marked /" to b', 
give the greatest bending moment. In this case, therefore, both these load 
systems will require to be tried, when it will be found that the first is the one 
which gives the greatest bending moment. 

Point of Greatest Bending Moment. — When a series of wheel-loads move 
over a beam, the bending moment at any point along the. span will 
obviously be a maximum when the point is under one or other of the loads 
The position of any load D, for which the bending moment under it will be 
a maximum, may be readily determined as follows. 

In Fig. 64 let E be the total load upon the beam and E' the load upon the 
portion A D, and let the distances of their centres of gravity from D be a and a' 
respectively. Then the bending moment under D will be 

M = P.v {x + a) - E' a' 

= E^'' "*(« + «) - EV 

Therefore — ,— = „- (2 c — 2 a; — a) 

dx 2c^ ' 

which vanishes when 2c = 2a!-|-a, or c— x — x-\-a — c = -^. That is, " the 

maximum bending moment under any load D occurs when that load and the 
centre of gravity of the whole series on the span are equidistant from the centre 
of the span." 

By the application of this rule the maximum moment under any wheel can 
easily be determined, but in the present case it is only the greatest of these 
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maxima that is required. Now, as the greatest bending moment produced by a 
train-load as it moves over a bridge occurs at or near the centre of the span, 
and when the heaviest wheels of an engine are in the neighbom-hood of that 
point, it is only necessary to determine the points at which the maximum 
moments occur for two, or, at most, three of those wheels iu order to obtain the 
point required. Further, if of two wheels A and B the maximum for A occurs 
nearer the centre than does that for B, A will generally be the one which gives 
the greater maximum bending moment. 

Description of the Diagram. — The method found most convenient by the 
writer for determining on one diagram the greatest bending moments and shears 



tt.-X--- 



Fig. 64. 



-«--»l 






5 

for a wide range of spans is illustrated in Fig. 65 by reference to a train of six- 
wheels coupled engines. The wheel diagram is laid off to a scale of ^ inch to 
a foot, and the axle-loads are laid off along the line b" c"-d' e', to a scale of 
^ inch to a ton ; b" c"-c" d" representing load c" ; c" d"-d" e" representing 
d", and so on. 

Opposite the mid-point of c d-d e (representing load d), the pole is taken 
at a distance from it representing 50 tons on the load scale, and the funicular 
polygon B" C" D" . . . Kg drawn. The funicular polygon thus obtained is suit- 
able for aU spans between 40 feet and 150 feet in length. For spans less than 
about 40 feet the pole should be taken nearer to the line of loads, and for 
spans exceediug about 150 feet it should be taken further away. 

Application of the Diagram to the Determination of Greatest Bending 
Moments.— For a span of 50 feet it has already been noticed that the loads on the 
bridge, when the greatest bending moment occurs, will be those marked a to g. 
Hence I" A will be the first, and G H the last link of the corresponding funicular 
polygon ; and as these intersect in Ei, the centre of gravity E of the loads ato g 
wiU lie vertically above Ei (see note on ^age 13). From the rule abeady proved. 
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we know that if the greatest bending moment occurs under load d, the centre, o', oi' 
the span must lie midway between d and E ; and if it occurs under load e, then o' 
will be midway between e and E. As the centre of gravity E, however, lies 
much nearer to d than e, d will be the load under which the. bending moment 
will be greatest. Bisect, therefore, the distance between the verticals through 



Fig. 65. 



lEiaT. isiaT. lehr. 
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El and d, and obtain the centre-line for a 50-foot span ; then lay off, horizontally, a 
distance representing 25 feet on either side of it, project vertically downwards on 
to the funicular polygon at Lj and Ni, and join these points. Lj A B C . . . G Ni 
will then be a bending moment diagram for the particular loads and span given, 
and D Mj will represent the greatest bending moment required. If D Mj be 
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measured in feet on the scale of lengths, and the distance of from the line of 
loads be such as to represent 50 tons on the load scale, the bending moment 
required will be M = D Mi X 50 tons-feet. 

On the diagram D Mi was found to measure a distance representing, on the 
scale of lengths, 13 ■ 125 feet, so that the greatest bending moment, M = 13 • 125 x 

o 
50 = 656-25 tons-feet, and the equivalent uniform load, W = M x jt^, = 105 

tons. 

Proceeding in the same way as before, the greatest bending moment for a 
span of 100 feet is represented by D M2, and for a span of 150 feet by DM3. 
D M2, on the scale of lengths, represents 50 • 2 feet, giving as the greatest bending 
moment M, 50-2 x 50 = 2,510 tons-feet; and as the equivalent uniform load 

W = "-— -TnQ — = 200 "8 tons. The corresponding values for the 150-foot span 

are 110-375 feet, 5518-75 tons-feet, and 294-33 tons respectively. 

Note. — After moving the scale, or strip of paper on which the terminals and 
centre of the span are marked, under the loads, and thus obtaining what appears 
to be the load system giving the greatest maximum bending moment, and after 
determining the position of the centre of gravity of this load system, it must be 
noted whether this load system still remains on the span or not when the 
girder is placed with its centre midway between the centre of gravity and the 
nearest wheel load. Occasionally it will be found that when the span is shifted 
into the latter position, of the load system first selected a load near one end will 
now be off the span and probably a new load will have come on at the other 
end. This new load system should then be taken, and the position of its centre 
of gravity and the new position of the span determined. 

A very little practice, however, will enable a student to ascertain, with a 
rapidity and certainty unequalled by any other method, the greatest maximum 
bending moments and the points at which they occur for a wide range of spans, 
and for any train load. 

Maximum Shear. — The greatest shear produced in a beam by a series of 
wheel-loads moving over it will always occur at an abutment, and when one or 
other of the loads is just on the point of moving off the beam. 

In Fig. 66 loads Wi, W2 W^.^ are represented as acting upon a beam 
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A B of span L ; the next load, W„, being off the beam and at a distance z to the 
right of B. Let Wj, at first, act just to the right of A, and let the resultant, E, of 
the remaining loads Wo, W3 W,,.^ on the beam act at a distance x from B ; 

the shear at A will then be Si =Wi + Ry. Now suppose the loads to move 

towards the left through a distance aj, so that Wa comes to A, E to a point 
distant .c + a^ from B, and (assuming a-i to be greater than z) W„ to a point on 
the beam distant a^ — z from B ; the shear at A will then be : 



the increase being 



s. ^e'^+^^ + w,,^^, 



S, -Si = ^^^+W„^^'-Wi (1) 



According, therefore, as ^y^+ W„ ^-^ — is greater or less than Wj will the 
loads W2 or Wj give the greater shear. 

If z were greater than a-^, the term W„ ^^^j: — would not come in the 

expression (1) at all. Hence the limiting values of S2 — Si are 

?^^--Wiand(E + W„)^^- Wi. 

E W, R 

If ^ be greater than — , W2 will give the greater shear ; but if =^ be less, 

E + W W] 

and — =^ — - greater than — equation (1) should be referred to. 

In practice the greatest shear will occur, usually, when the first of the 
heaviest wheels of an engine is at an abutment. For examples : — Eeferring to 
the train of six- wheels coupled engines shown on the diagram. Fig. 65, if wheel a 
were just moving off a span of 50 feet to the left, the other wheels on the span 
would be h, c, d, e,f, and g, and E would be = 91;^ tons, Wi (or a) 9 tons, and 
«i 6 • 5 feet. 

Therefore, since j^' = —^ is greater than-g^l = g^, & at the left abutment 
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would give a greater shear than would a. If h were now moved up to the 
left abutment, h Would come on the span, E would become = 96 tons, and 

ax = 7' 3". 

R 96 & 9 

Therefore, since ftt = ft; is greater than — = ff-^ wheel c at the left abutment 

would give greater shear than would b. Now move c up to the abutment, then 
* will come on the span. E (now the resultant of the loads d, e, f, g, h, and i) 

Fig. 66. 

L 



v-|-°v"i 



"C}r*a*V) 



►, „ , . E 91-5 . 

will be reduced to 91*5 tons, and a-^ increased to 7 • 5 feet, and since j- = -^ is 

now less than 7^ = ^, and also ^+\^^^-'l = ^-^1^ less than 
f^ = , c at the left abutment would give a greater shear than would d. 

In the same way it can easily be shown that for all spans the abutment 
reaction (and therefore the shear) will be greatest when the first of the heaviest 
wheels is just arriving at the abutment. 

Graphical Determination of the Greatest Shear due to a Train-Load..— Th& 
method devised by the writer to render this operation as simple as possible is 
illustrated on the diagram. Fig. 65. Through the centre of the controlling 
wheel c" (the first of the heaviest wheels in this case) a vertical Line is drawn to 
cut the funicular polygon in 0", and at a distance from it equal to the span 
another vertical is drawn to cut the -funicular polygon in-a^, point Kj, say. 
Joining Ki and C" we obtain KiC"D"E" . . . Ki, the (Culman) diagram of 
bending moments for the span when the controlling load is at an abutment. 
Drawing from 0, in the polar diagram, a line parallel to Ki C", this line will 
cut the line of loads in a point, the distance of which, from h" c", will represent 
the abutment reaction or the greatest shear required. 

F.or a span of 50 feet the maximum shear, as noted on the diagram, is 
63-1 tons. 

E 
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The maximum shear for a 100-foot span (obtained by drawing a line from 
parallel to K2C") is 110-6 tons, and that for a span of 150 feet (obtained by 
drawing from a line parallel to Kgc") is 159 "5 tons. 

In the diagram, Fig. 65, only the left abutment reactions are shown, but in 
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practice it may be necessary to determine the right abutment reactions as well. 
The controlling load for these latter reactions is e', or 6,"but as the reactions 
themselves were found to be less, for the spans given, than the corresponding 
reactions at the left abutment, their values were not noted on the diagram. For 
spans less than about .37 feet, however, the greatest shear will occur at the right 
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abutment when the wheel e is over the point. To obtain the maximum shear, 
therefore, for a span less than 37 feet we must proceed as follows : — To the left 

Fig. 68. 
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of E, and at a distance from it representing the span, draw a vertical line to cut 
the funicular polygon in a point S, say, and from 0, in the force-diagram, draw 

E 2 
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a line parallel to E S to cut the line of loads in a point T, say, then T - e/ will 
represent the .shear required. 

In the diagram, Fig. 67, the method of determining the maximum bending 
moment and shear is illustrated by reference to a train of eight-wheels coupled 
•engines. 

In Fig. 68 the complete graphical solution is given for the train of six- wheels 
■coupled engines above referred to ; the greatest maxinium bending moments 





Equivalent Uniform Live Loads, in Tons, 




Span. 


Derived from— 


Distance of Centre of Span, 

for Maximum Bending, to 

Left of Wheel d or e. 


Maximum Bending 
Moments. 


Maximum Sliears. 


Feet. 
20 


54-75 


68-44 


Keet. 
0-00 


30 


73-91 


87-52 


-(-1-04 


40 


88-23 


105-04 


-0-85 


50 


105-02 


126-16 


-1-39 


60 


124-53 


144-72 


- 0-90 (e) 


70 


143-22 


162-78 


- 0-90 (e) 


80 


160-49 


182-26 


- 0-94 


90 


179-90 


202-24 


- 0-36 


100 


199-95 


221-37 


+ 1-32 


110 


217-92 


241-44 


+ 0-12 


120 


235-36 


261-34 


+ 0-10 


130 


254-25 


280-02 


+ 2-44 


140 


274-25 


298-96 


+ 0-09 


150 


294-38 


318-92 


+ 0-08 



and greatest maximum shears being obtained for all spans, at intervals of 
10 feet, from 20 feet to 150 feet. 

Scaling off the maximum bending moments and maximum shears from this 
diagram and doubling each of the latter, and dividing each of the former by 

one-eighth of the corresponding span (w = M -^ - ) the equivalent uniform live 

loads given in the table above are obtained. In this table the distances from 
■wheel d, or e, at which the greatest maximum bending moments occur are 
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also entered, being regarded as positive when measured to the left from d, or e, 
and negative when measured to the right. 

Taking the spans given in the above table as abscissae and the equivalent 
uniform live loads derived from maximum bending moments as ordinates, the 



Fig. 69. 
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curve of equivalent uniform live loads derived from maximum bending moments 
shown in Fig. 69 is obtained. In a similar way the curve of equivalent uniform 
live loads derived from maximum shears is obtained. From this diagram the 
equivalent uniform live load for any span can be readily obtained. 
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CHAPTEE V. 

Analytical Methods of Determining the Maximum Bending Moment and 
Maximum Shear due to a Train-Load. 

In preparing tables of equivalent uniform live loads for a given type-train, it 
is necessary to determine, for each span, the maximum bending moment and 
maximum shear produced as the train moves across the span. These deter- 
minations may be effected analytically, graphically, or by a combination of the 
two methods ; whatever method be adopted, however, the work involved will be 
much facilitated by observing at the outset that : 

1. The maximum bending moment will occur under one of the heaviest 
wheels of an engine when that wheel is at, or in the neighbourhood of, the 
centre of the span, and when, at the same time, the train-load extends over the 
whole span. 

2. The point of maximum bending moment and the centre of gravity of the- 
whole oad on the span when maximum bending occurs are equidistant from the 
centre of the span. 

3. The maximum shear will always occur at an abutment, and when the 
span is fully loaded ; and, usually, when the first of the more heavily loaded 
wheels of an engine is on the point of moving off the span. 

Analytical Method. — Let Wi be the heaviest of the wheel -loads of an engine, 
and L the span ; then, for all spans from zero up to some particular value of 

L = Li, say, Wj at the centre will give the maximum bending moment, — j—, 
and the corresponding equivalent uniform live load will be 2 Wi. 

Por two loads, Wi and W2 on the span, the maximum bending moment will 
occur under the heavier load, Wi, when this load and G, the centre of gravity of 
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both, are equidistant from 0, the centre of the span. Let AB, Fig. 70, represent 
the span, and let c^i be the (fixed) distance between the loads ; then, for maximum 
bending. 



G O = C) — ^™ _G<n W2 mn W. 



Eeaction at 



2 Wi 2 Wi + W2-2(Wi + W2) 

L 



.d,. 



GA U-^^) 

B = Pb = (W, + W,) fl = (Wi + W,) ^^- j-^< 

and maximum bending moment = Pb . B m 

Wi + W2 /L W, 



S- 



L V2 2(W, +W2) 
((Wi + W,)L-W3.c^0' 



^1) 



^ 



4.L.(Wi + W2) 
iJ'ig'. 70. 






C: 



^< 



,.._>] 



2 



(1) 



Fig. 71. 



d^i 



^1; ^^---it^-°^°r^.,___J^ 



Wa^-Wf+Wz 



The maximum bending due to the two loads Wi and W2, therefore, will be 
greater or less than that produced by the single load Wi, according as the 

expression (1) is greater or less than Wj j. 



tive. 
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That is, according as ((Wi + W^) L - W^ . <^i)^ - W^ (Wi + Wj) L» 
= W2 (Wi + W2) JP - 2 L.c^i + -y^^'^ .c^i'l is positive or negati 

Hence, when the span, L, is greater than d^{l + V -ry /w ) • (2) 

the two loads Wj + 'W2 will give a greater maximum bending moment than 
will the single load Wi. Again, if three loads, Wo, "Wj and W2 (Fig. 71), be on 
the span, the distance of their centre of gravity, G, to the left of (the centre of 
span), when maximum bending occurs, will be : 

UU _ Urn - ^- - 2(Wi + W2 + Wo) ~ 2(Wi +W2 +W„)' 
the reaction at the left terminal A will be : 

P^= (W, + w, + w„) ^1 = (W, + w, + w„) "-^ ^ \ 

and the maximum bending moment, which occurs under wheel Wi, will be 

P^.Am — W2'nm 

= (Wi + W^ + W„) ^^-^ g + omj - W,.d, 

(W, + W2 + Wo) ^L , W^.c^i-Wq.c^o V ^ , 

- L I2 + 2 (Wi + W2 + w„); ~ "^^•''^ 

((Wi + W2 + Wo) L + W^.^, - Wq.c^o)' 
- 4.L.(Wi + W2 + Wo) ^'•'*' • ^''^ 

Hence three loads will give a greater or less maximum bending moment 
than will two according as (B) is greater or less than (1) ; that is, according as 
the expression 

{(Wi + W2 + Wo) ^ + 2 + 4.L.(W, + W2 + Wo) ~ ^'•'^'l 

-|(Wi+W2)^ 2 +4.L.(Wi + W2)5' 
or 

J, ^j . ^ Wi'd,' + 2 W2 (W, + W,) d , d o - Wo (Wi + W2) c^o' ) 

is positive or negative. 
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Hence three loads will give a greater or less maximum bending moment 
according as 

Taking, for example, the six- wheels coupled engine shown in Fig. 72, 
Wi = W2 = Wc = 18i tons, and d-, = da = 1-Z feet. From equation (2), we find 
that one wheel will give a greater maximum bending moment than two for 
spans up to 7-5 (1 + V^) = 12-8 feet, and two will give a greater maximum 
than will three or one for spans ranging between 12* 8 feet, and 

7.5 +i^^l-I:l> = 16-69 feet. 

For spans up to 12-8 feet, equivalent uniform load = 2."Wi = S6-5 tons. 
From (1), when L = 16*69 feet, maximum bending moment 

((18-25 + 18-25) 16-69 - 1 8-25 xl-Sf q, «. f . . 
== 4x16-69(18-25 + 18-25) =^^'^^ ^°°*-*°^'' 

Q 

and equivalent uniform load = 92*64 X ., „ „„ =44-4 tons. 

16-69 

Proceeding as above, the limits of the spans between which four, five, or any- 
given number of loads will give the greatest maximum bending moments can be 
found ; but this mode of procedure is not to be recommended, excepting in the 
case of very short spans, or when absolute accuracy is required. In practice, for 
any given span, the load system giving the greatest maximum bending moment 
may be determined very readily as follows : — Lay off the wheel-diagram of 
the type-train on any suitable scale, as shown in the diagram, Fig. 72, and 
underneath it move a strip of paper (or a scale) on which the span and centre 
line have been marked off, keeping the centre line in the neighbourhood of the 
centre of gravity of the more heavily loaded wheels of an engine. In this way 
the load system required for any given span can generally be seen at a 
glance ; occasionally, however, there may be some doubt as to whether the load 
system selected in this way is the correct one or not ; as, for instance, when by 
moving the paper strip a little to the right or left, so as to take in an extra load, 
the new load system seems almost as promising as the one first selected. In 
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such a case it may be necessary to determine the maximum bending moments for 
two (or even three) load systems, in order to get the bending moment required. 

Having determined the load system for any given span^ the maximum 
bending moment and the point at which it occurs may be determined, 
analytically, as shown by the following example. Let the span be 50 feet, 
and the type-train that represented in Fig. 72 ; the load system giving maximum 

Fig. rx'. 




CURVES 
CQVtVALENT UNIFORM LIVE LOADS 

DERIVED FROM 
(aJMAXIMUM BENOINC MOMENTS 
Ih} MAXIMUm SHEARING FORGES 

For Spans up to tSOFeol 



bending includes the wheel (or axle) loads marked a to g, and, therefore, 
the total load on the span is 

W = 9 + 9 + 18i + 181 + ]8i + 13| + 13| = 100-25 tons. 

Taking moments about wheel d, and dividing by W, we obtain, as the 
distance of the centre of gi-avity of the load system to the left of d, 

X = (18-25 X 7-5 + 9 X 14-75 + 9 x 21-25 - 18-25 x 7-5 - 13-75 
X 19-20 - 13-75 X 24-70)-M00-25 = - 2-788 feet. 
The maximum bending moment usually occurs under that wheel which is 
nearest to the centre of gravity of the total load, and this is always the 
case if the wheel be d. If, however, the centre of gravity fall a little nearer 
c ox e than d, the bending moments under both c and d, or e and d, should be 
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obtained, and the greater of the two values taken. In the present example, the 
maximum bending moment will occur under wheel d, when that wheel is at a 

2 ■ 788 
•distance of —^ — = 1 • 394 foot to the left of the centre of the span. 

The distance of the centre of gravity of the total load Wi from the right 
terminal of the span = the distance of wheel d from the left terminal = 25 - 
1*394 foot = 23 -606 feet. Therefore, reaction at left terminal 

100-25 X 23-606 



50 



= 47-33 tons. 



the algebraical sum of the moments of forces acting to the left of d, about 
that point — that is, the maximum bending moment required, 

= 47-33 X 23-606 - 18-25 x 7-5 - 9 x 14-75 - 9 x 21-25 
= 656-4 foot-tons. 
and the equivalent uniform load is 

•u/= 656-4 X f„= 105-02 ton?. 

In preparing tables of equivalent live loads derived from the maximum 
bending moments, the work may advantageously be systematically arranged in a 
tabular form, as shown in Tables I, II, and III. In Table I the first column 

TABLE I. 



Wheel Load. 


Distance of 
load from 
Wheel d. 


+"« Moments 

about 

Wheel d. 


Total 

+ Moments 

about d. 


Wheel Load. 


Distance of 
Load from 
Wheel d. 


->• Moments 

about 

Wheel d. 


Total 

-"•Moments 

about d. 


Tons, 
e =18-25 


Feet. 
7-50 


Tons X Feet. 
136-87 


Tons X Feet. 
136-87 


Tons. 
e =18-25 


Feet. 
7-50 


Tons X Feet. 
136-88 


Tons X Feet 
136-88 


h = 9-00 


14-75 


132-75 


269-62 


/ = 13-75 


19-21 


264-00 


400-88 


a = 9-00 


21-25 


191-25 


460-87 


g =13-75 


24-71 


339-63 


740-51 


r = 13-75 


29-79 


409-61 


870-48 


h =13^5 


30-21 


416-25 


1155-76 


A" = 13-75 


35-29 


485-37 


1355-85 


; =13-75 


35-71 


491-88 


1647-64 


y = 13-75 


40-79 


561-00 


1916-85 


«'= 9-00 


44-25 


398-25 


2045-89 


/" = 13-75 


46-29 


636-63 


2663-48 


b'= 9-00 


50-75 


456-75 


2502-64 


c" = 18-25 


58-00 


1058-50 


3611-98 


c' = 18-25 


58-00 


1068-50 


3561-14 


(i" = 18-25 


65-50 


1195-38 


4807-36 


rf' = 18-25 


65-50 


1195-38 


4766-52 


/' = 18-25 


73-00 


1332-25 


6139-61 


c' = 18-25 


73-00 


1332-25 


6088-77 
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gives the loads acting to the left of wheel d (the wheel under which the greater 
number of maximum bending moments occur), the second column their 
distances from that load, the third column the products of load X distance, and 
the fourth columns the sums of these products. The fifth, sixth, seventh, and 
eighth columns respectively give similar values for the loads acting to the 
right of d. 

In the first column of Table II the spans are set down, and in the second 



TABLE II. 



Span. 


Load System 

giving 

Maximum 

Bending. 


Moment (M) 

of Load 

System about 

Wheel d. 


Total 
Load 
(W). 


Distance (—\ of centre of 

Gravity of Load System 
to Left of 


Distance of Centre of Span, for 
Maximum Bending, to Left of 












Centre of 










Wheel i. 


Wheel e. 


Wheel d. 


Wheel e. 


Gravity of 
Load System.' 


reet. 




Tons X Feet. 


Tons. 


Feet. 


Feet. 


Feet. 


Feet. 


Feet. 


20 


c to e 


0-po 


54-75 


0-00 




0-00 




0-00 


30 


b „ e 


+ 132-75 


63-75 


+ 2-08 




1-04 




-1-04 


40 


i „/ 


- 131-25 


77-60 


- 1-69 




-0-85 




+ 0-85 


50 


«■ >> 9 


- 279-64 


100-25 


-2-79 




- 1-39 




+ 1-39 


60 


(t „ i 


- 1186-75 


127-75 


-9-29 


-1-79 




- 0-90 


+ 0-90 


70 


u, „ i 


- 1186-75 


127-75 


- 9-29 


-1-79' 




-0-90 


+ 0-90 


80 


h" „ i 


- 291-76 


155-25 


-1-88 




-0-94 




+ 0-94 


90 


<j" „ a' 


- 129-01 


178-00 


- 0-73 




-0-37 




+ 0-37 


100 


f" „ a' 


+ 507-61 


191-75 


+ 2-65 




+ 1-33 




-1-33 


110 


r „ V 


+ 50-86 


200-75 


+ 0-25 




+ 0-12 




-0-12 


120 


e" ,, c' 


+ 50-86 


237-25 


+ 0-21 




+ 0-10 




- 0-10 


130 


d" ,, c' 


+ 1246-24 


255-50 


+ 4-88 




+ 2-44 




- 2-44 


140 


d" „ d' 


+ 50-86 


273-75 


+ 0-19 




+ 0-09 




-0 09 


150 


c" „ e' 


+ 50-86 


310-25 


+ 0-16 




+ 0-08 




- 0-08 



column the corresponding load systems giving maximum bending moment. In 
the third column the algebraic sum of the moments with respect to wheel d are 
given ; these being the differences of the values given in columns 4 and 8 of 
Table I. Thus, for a span of 50 feet the load system includes the loads marked 
a \a g; from Table I the sum of the moments about d of the loads a to d 
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= 460-87 foot-tons, and the sum of the moments of loads f^ to ^ = - 740-51. 
Therefore, algebraic sum of moments for the load system a io g = - 279-64 
tons X feet. 

Dividing the moments given in column 3, Table II, by the total loads given 
in column 4, we obtain the distances given in column 5, and are thus enabled to 
calculate, as shown above, the abutment reactions, the maximum bending 
moments, and the equivalent uniform loads given respectively in columns 3, 9, 
and 10 of Table III. 

TABLE III. 



Span (S). 


Distance 
from 
Left 
Terminal 
to Point 
(d or e). 
Maxi- 
mum 
Bendins. 


Reaction 
(R) at Left 
Terminal. 


Moment (Mi) of reaction 

about Point (d or e) 

of Maximum Bending. 


Load 
System 
(K)to 
Left of 
Point of 
Maxi- 
mum 
Bending. 


Moment (M2) of Load 
System (K) about 


Maximum 
Bending- 
Moment 

(Ml - M2). 


Equiva- 
lent 

Uniform 
Live 
Load 

W = (Mi 

-M2)|. 




d. 


e. 


Wheel d. 


Wheel «. 


Feet. 
to 12-8 


Feet. 


Tons. 


Tons X Feet. 


Tons X Feet. 


.. 


Tons X Feet. 


Tons X Feet. 


Tons X Feet. 


Tons. 
36-50 


16-69 




.. 












92-64 


44-40 


20 


10-00 


27-375 


273-75 




e 


136-87 




136-88 


54-75 


30 


16-04 


34-087 


546-79 




6 to c 


269-62 




277-17 


73-91 


40 


19-15 


37-109 


710-77 




6 „ c 


269-62 




441-15 


88-23 


50 


23-61 


47-330 


1117-27 




a „ c 


460-87 




656-40 


105-02 


€0 


29-10 


61-969 




1803-64 


a „ d 




869-63 


934-01 


124-53 


70 


34-10 


62-242 




2122-76 


a „ d 




869-63 


1253-14 


143-22 


80 


39-06 


75-801 


2960-79 




h" ,, c 


1355-86 




1604-92 


160-49 


90 


44-64 


88-283 


3940-69 




9" „ 


1916-86 




2023-83 


179-90 


100 


51-33 


98-432 


5052-83 




f" „ 


2553-49 




2499-34 


199-95 


110 


55-12 


100-605 


5545-95 




f" „ 


2553-49 




2996-46 


217-92 


120 


60-10 


118-833 


7142-46 




e" ,, c 


3612-00 




35.30-46 


235-36 


130 


67-44 


132-546 


8938-90 




d" „ 


4807-37 




4131-63 


254-25 


140 


70-10 


137-057 


9606-74 




d" „ c 


4807-37 




4799-37 


274-25 


150 


75-08 


155-290 


11,659-17 




e" „ c 


6139-62 




5519-55 


294-38 



In the diagram. Fig. 72, the spans given in column 1, Table III, are set off 
as abscissae, and the corresponding equivalent uniform loads given in column 10 
as ordinates. Joining the lower extremities of consecutive ordinates by straight 
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lines (or drawing a fair curve through these extremities), a diagram of 
" equivalent uniform live loads derived from maximum bending moments " 
is obtained, the ordinate of which, for any span, will give the equivalent uniform 
load for that span. 

Maximum Shears, and. Equivalent Uniform Live Loads derived therefrom. — 
The maximum shear .due to any train-load will always occur at an abutment, 
and when the span is fully loaded. For the type-train represented by the wheel 
diagram (Fig. 72) maximum shear will occur either at the left abutment when 
the first heavily-loaded wheel c" is just moving off the span towards the 
left, or at the right abutment when wheel e' is just moving off the span 
towards the right. For spans up to 37 '56 feet the maximum shear will occur 
under wheel «' when the train is moving backwards (towards the right), and for 
spans greater than 37 • 56 feet it will occur under wheel c" when the train is 
moving forwards. To determine the maximum shear and the corresponding 
equivalent uniform load, we may proceed as follows : — First, assume the 
train moving forwards and the wheel c" just leaving the span, of length L, 
say ; then, if Wi be the sum of the wheel (or axle) loads on the span, and Mj 
the sum of their moments about c", the reaction at left abutment will be 

Wi - ^ (5) 

Now assume the train moving backwards with wheel e' at right abutment, 
then, if Wz be the sum of the wheel-loads on the span, and Mj the sum of their 
moments about e', the reaction at the right abutment will be 

W, - ^^ (6) 

The greater of these values will be the maximum shear required, and will be 

equal to half the " equivalent uniform load." For example, let the span be 

40 feet ; then, for the first case, the load system on the span will be c" to h", and 

the total load will be Wi = 18^ + 18i + 18^ + 13| -f- 13| + 13| = 96 tons, 

the sum of the moments will be 

Ml = 18i (7-5 -I- 15) + 13| (26-71 -I- 32 -21-}- 37-71) = 1739-29 foot-tons, 

1739-29 
and the reaction at the left abutment will be 96 ^^r — = 52-52 tons. 
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For the second case the load system will be i to e'; the total load Wa = 86*5 
tons, the sum of the moments about e', Ma = 1382*4 foot-tons, and the reaction 

1 OQO .A 

at the right abutment 86 • 5 r?; — = 51 • 94 tons. 

° 40 

Hence, 52 • 52 tons is the maximum shear required, and 52-52x2 = 105 • 04 
tons is the corresponding equivalent uniform load. In preparing tables of 
equivalent uniform live loads derived from maximum shears, the work may be 
recorded as shown in Table IV, and a diagram constructed therefrom as shown 
in Fig. 72. 

In plotting the diagram the ordinate to be taken for any given span will, of 

TABLE IV. — Equivalent Unifoem Live Loads derived fkom Maximum Shears. 



Eor Train-Load moving thus < — 


For Train-Load moving thus — > 


Span (L). 


Load 

System. 


Total 
Load(W) 
on Span. 


Moment, 
about c", 
of Total 
Load.T- 
Span(^) 


Equiva- 
lent 
Uniform 
Load = 
.(W-Ml) 


Span (L). 


Load 

System. 


Total 
Load (W) 
on Span. 


Momentj 

about e'f 

of Total 

Load ^ Span 

M 

L' 


Equivalent 

Uniform 

Load 


reet. 
to 7-5 




Tons. 


Tons. 


Tons. 
36-50 


reet. 
to 7-5 




Tons. 


Tons. 


Tons. 
36-50 


10 


r" & d" 


36-50 


13-69 


45-62 


10 


d' and e' 


36-50 


13-69 


45-62 


15 


«" & d" 


36-50 


9-12 


54-75 


15 


d' and e' 


36-50 


9-12 


54-75 


20 


c"—e- 


54-75 


20-53 


68-44 


20 


c'—e' 


54-75 


26-53 


68-44 


25 


c"—e- 


54-75 


16-42 


76-65 


25 


b'—e' 


63-75 


24-44 


78-62 


30 


c"-/" 


68-50 


25-93 


85-14 


30 


a' — e' 


72-75 


28-99 


87-52 


35 


c"-9" 


82-25 


34-88 


94-74 


35 


a'—e' 


72-75 


24-85 


95-80 


40 


c"—h" 


96-00 


43-48 


105-04 


40 


i-e' 


86-50 


34-56 


103-88 


50 


c"-i" 


109-75 


46-67 


126-16 


50 


9-e' 


114-00 


52-69 


122-61 


60 


c"—b 


127-75 


55-39 


144-72 


60 


f-e' 


127-75 


56-24 


143-02 


70 


o"—o 


146-00 


64-61 


162-78 












80 


c"—d 


164-25 


73-12 


182-26 












90 


c"—e 


182-50 


81-38 


202-24 












100 


""-? 


210-00 


99-32 


221-37 


100 


a — e' 


200-05 


90-09 


220-82 


110 


n"—i 


237-50 


116-78 


241-44 












120 


e"—a' 


246-50 


115-83 


261-34 












130 


d'-V 


255-50 


115-49 


280-02 












140 


c" — d' 


292-00 


142-52 


298-96 












150 


<•!•—(■ 


310-25 


150-79 


318-92 


150 


c"-c' 


310-25 


151-33 


317-84 
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course, be the greater of the two values given in columns 5 and 10, Table IV. 
From a diagram thus obtained the equivalent uniform load for any span can be 
scaled off at once. 

Graphical Methods. — The graphical methods devised by the author for deter- 
mining the maximum bending moments and maximum shears required in the 
preparation of equivalent uniform loads were fully explained in Chapter IV. 

In order to ascertain the degree of accuracy which could be obtained in 
practice by the use of these methods, and by the exercise of ordinary care and 
skill, a student of the author's, Mr. Eobert Boyle, was set to work out, indepen- 
dently, the example illustrated in Fig. 68, Chapter IV. Mr. Boyle's results are 
given in Table V, as well as the actual values calculated by the author. The 

TABLE V. 







Squivalent Uniform Live Loads, in Tons 


derived from 




Distance of Centre of 
Span, for Maximum 


Span. 


Maximum Bending Moments. 


Maximum Shears. 


Bending, to Left 
of Wheel d or e. 




Mr. Boyle's 
Results. 


Calculated 
Values. 


Error 
Per Cent. 


Mr. Boyle's 
Eesults. 


Calculated 
Values. 


Error 
Per Cent. 


Mr. Boyle's 
Results. 


Calculated 
Values. 


Feet. 
20 


55-00 


54-75 


0-5 


68-00 


58-44 


0-66 


Feet. 
0-00 


Feet. 
0-00 


30 


74-20 


73-91 


0-4 


87-00 


87-52 


0-58 


+ 1-00 


+ 1-04 


40 


88-70 


88-23 


0-52 


106-20 


105-04 


1-09 


- 0-90 


-0-85 


50 


105-00 


105-02 


0-02 


127-00 


126-16 


0-67 


- 1-45 


- 1-39 


60 


124-00 


124-53 


0-43 


145-40 


144-72 


0-46 


- 1-00 (c) 


-0-90(e) 


70 


143-00 


143-22 


0-15 


163-00 


162-78 


0-14 


- 1-00 (e) 


-0-90(c) 


80 


160-60 


160-49 


0-07 


182-50 


182-26 


0-14 


- 1-08 


-0-94 


90 


179-40 


179-90 


0-28 


202-50 


202-24 


0-13 


- 0-42 


-0-36 


100 


199-60 


199-95 


0-17 


221-70 


221-37 


0-17 


+ 1-17 


+ 1-32 


110 


216-80 


217-92 


0-55 


241-50 


241-44 


0-03 


+ 0-12 


+ 0-12 


120 


234-60 


2-35-36 


0-32 


262-00 


261-34 


0-26 


+ 0-17 


+ 0-10 


130 


253-50 


254-25 


0-30 


280-50 


280-02 


0-17 


+ 2-50 


+ 2-44 


140 


272-50 


274-25 


0-64 


299-50 


298-96 


0-01 


+ 0-12 


+ 0-09 


150 


293-00 


294-38 


0-46 


319-00 


318-92 


0-03 


+ 0-15 


+ 0-08 



close agreement of these results with the actual values seems to show that the 
graphical methods are not only simple and expeditious, but fairly accurate 
as well. 
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CHAPTEE VI, 

Diagrams of Maximum Bending Moments. 

The equivalent uniform live load derived from the greatest maximum bending 
moment having been determined for any given type-train and span, and the 
eorresponding parabola or diagram of bending moments drawn, it will be 
found that at the haunches the maximum moments produced by the actual 
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wheel-loads are somewhat greater than the moments given by the parabola. 
In Fig. 73, for instance, where the ordinates to the full line S^mT represent 
the maximum moments due to the actual wheel-loads as the six-wheel coupled 
■engine shown moves across the span from right to left, and those to the 
3)arabola the moments due to the eqiiivalent uniform load, it is seen that, 

F 
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between r and S and r' and T, the maximum moments everywhere exceed those 
given by the parabola. At the distance m w = 9 feet from the centre of the 
span, the excess, m I, amounts to 10 per cent, of the bending moment 
(98 • 9 tons X feet) at m, or 4 • 8 per cent, of that at the centre — 205 • 3 tons X 
feet. Again, for the eight-wheel coupled engine, partly shown in Fig. 74, 
and for a like span of 25 feet, the excess is nowhere greater than about 3 ■ 5 
per cent, of the maxima — 225 • 3 tons x feet ; and for the 75-foot span and 
train-load represented in Fig. 75 the excess at V in the bending moment 
diagram is only some 25 tons X feet, or less than 2 per cent, of the maximum — 

Fig. 7J,. 




1416 -5 tons X feet. This excess bending at the haunches may be provided 
for in practice, when the girders are designed from the equivalent uniform 
load, by extending the flange-plates some distance beyond the points at which, 
according to the parabola, they ought to stop short. For the case shown in 
Fig. 73 the greatest extension of flange-plates required for this purpose is that 
represented by Km, or about 4 inches ; for the case shown in Fig. 74, between 
S and H, it is less than 7 inches, and for the case given in Fig. 75 it is not 
greater than about 10 inches. 

When, however, the point at which maximum bending occurs is some 
distance away from the centre, the excess of the actual maximum bending 
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moments near that point, over and above those given by the parabola, may- 
require a greater extension of the outer flange-plates than the 10 inches 
(or less) required at the haunches. For example, in Fig. 74, where the point 
u' of maximum bending is nearly 18 inches from the centre of the span, the 
extension required for the outer flange-plates may be anything up to this amount. 



Fig. 



hV 



7iv 



itj. 



'ona is:'- ik* is^ 



Ton^ T^ijig ,j'j ,gT^ fsSi 



» /F^ I'Tt^ /T** t^^' «* '-^ »■« 3 s /—\ f^y. /^ w% a}i7^ *'?*_.* * 

m- (■:; Cf) C?) ^<^<f?!^ ^a^ ^ G ) C'^) (y g^ c^ (^ ^ |(?) (^ 



— ™ Torre 

Torts i ons fg^ f^ 18^ 










Again, in the case of a skew bridge the point of maximum bending may 
occur at a considerable distance to one side of the centre, due to the 
unsymmetrical manner in which it is loaded; hence, in such a case the 
tables of equivalent uniform loads cannot be applied, and it is therefore 

F 2 
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necessary to draw out the actual diagram of maximum bending- moments 
before preparing the working drawings. It may also be advisable, before pre- 
paring the working drawings, to draw out the diagram of maximum moments 
for bridges which are not on the skew, or where the amount of obliquity is 
negligibly small, and for such cases the writer has found the following methods 
expeditious and sufficiently accurate (when drawn out on a fairly large scale) 
for practical purposes. 

Description of Diagram of Maxirmim Bending Moments (Fig. 75). — The 
■wheel diagram and funicular polygon C"D"E" . . . D'E' are first drawn as 
already explained in Chap. IV, and the diagram of maximum bending moments 
■constructed by either of the two methods illustrated in Fig. 75. 

First Method. — The girder is placed, in the first instance, with its right 
terminal under wheel d, when the corresponding diagram of bending moment 
will be : 1, C", D", E" . . . B C 1'. Vertical lines are then drawn through d, 
and at intervals of one-tenth (or one-twentieth) of the span to the right and 
left of it, and some of these, cutting the diagram of bending moments, will give 
the intercepts Ei, 9^', 8p . . ., which represent the bending moments at the 
respective distances from the right terminal of one-tenth, two-tenths, three- 
tenths the span, and so on. The girder is now advanced towards the right 
through a distance of one-tenth the span, when the new diagram of bendint^- 
moments will be 2D"E" . . . 01' 2', and the new intercepts I'Si, 
-0 E2, 9 Q. . . . 

Advancing the girder in this way through successive intervals of one-tenth 
span until the left terminal comes under d (or further, if the right terminal 
has not come under or passed the corresponding wheel d' of the next engine), 
■we obtain for each of the points taken along the span a set of different values 
for the bending moment, each of which should be scaled off the diagram and 
tabulated. The greatest maximum bending moment, DM, should also be 
•determined, and the distance (10 inches) from the centre at which it occurs, 
before proceeding to plot the diagram of maximum bending moments S U T. 
JFor points at equal distances from the terminals, of course, only the greatest 
of the values in the two sets tabulated would be required in plotting the 
<3iagram S U T. 
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In the great majority of cases the bending moment at any point along the 
span will be a maximum for that point when the point is under one or other 
of the heavy wheel-loads, and when, at the same time, the train-load extends 
over the whole span. In order to determine the maximum moment for any 
given point, therefore, it will only be necessary to determine the values given 
as the heavy wheel-loads come successively over the point ; hence the following' 
mode of procedure. 

Second Method. — Place the girder with its left terminal under wheel d 
(Fig. 75), obtaining, as the diagram of bending moments, the figure 
1' E F G . . . E' 1", and the intercept, 2' m^. Now advance the girder to the 
left until the left terminal comes under the wheel c, and obtain the new diagram 
of moments D E F . . . D' 0', the intercept 1' li at a distance of 7 feet 
6 inches (the distance between wheels c and d) from the left terminal and the 
intercept 2' m^, at a distance of 15 feet. Advancing the girder in this way 
towards the left through successive intervals of 7 feet 6 inches (or half this 
distance if the span be a very short one, or if greater accuracy be required) until 
the centre of the span is reached, or passed, we obtain the moments under wheels 
e, d and c, represented respectively by the intercepts 2' wii, 1' li, and Ki lor a 
point 7 feet 6 inches from the left terminal, by 2' ??i2, 1' h, and Kj for a point 
15 feet from the terminal, by 2' m^, V 4, and K3 for a point 22 feet 6 inches 
from the terminal, and so on. The girder is now placed with its right terminal 
under d, and then advanced towards the right through successive intervals, 
of 7 feet 6 inches, thus obtaining the intercepts Ei, 1' Sj, and 2' Tj, a& 
representing the bending moments under wheels c, d and e respectively for a. 
point 7 feet 6 inches from the right terminal, the intercepts OE2, I'Sj, and 
2' T2 for a point 15 feet from the terminal, and so on. The values of these 
moments in tons-feet, together with the greatest maxima, DM, may then be 
tabulated as on page 70. 

In plotting the diagram of maximum bending moments, of course, only the 
greatest of the six values obtained for each point — those underlined — are to be 
taken. 

To show how the method is to be applied to the case of a train-load in which 
the heavy wheels of the engines are not equally spaced, as in the present 
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example, we will take the case of a train of the eight-wheel coupled engines 
partly shown in Fig. 74. In this case the moments under wheels &, c and d 
would be first determined, as above, for a series of points 5 feet 6 inches apart, 
and then the operation repeated for points under wheels d and e at intervals of 
6 feet apart. We should thus obtain two sets of ordinates, which, being plotted, 
together with the ordinate representing the greatest maxima, and a fair curve 
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drawn through the extremities of some and slightly above those of the others, 
will give the maxima at every point. 

As the funicular polygon and wheel diagram are applicable to a great variety 
of spans, the constructions above indicated should be made on tracing-paper, or, 
better still, "butter" paper, as this paper is sufficiently transparent for the 
purpose, and presents a better surface for drawing upon than ordinary 
tracing paper. 
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CHAPTER VII. 

Diagrams of Maximum Shear, 

The shear at any point of a beam acted upon by a uniform moving load is a 
maximum when the load extends over the segment of the beam between the 
point and the farther abutment; and further, this maximum shear is 



Fig. 76. 




proportional to the ordinate, at the point, of a parabola B C D, or A C I, Fig. 76, 
If, for any given type-train and span, the parabola corresponding to the " equiva- 
lent uniform live load derived from the maximum shear " be drawn, the shear as 
given by the ordinate to this parabola for any point along the span will be found 
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to be less, and sometimes very considerably less, than the maximum shear 
produced at the point by the actual wheel-loads. 

Por example, in Fig. 76, the maximum positive shears produced by an engine 
of the type shown in Pig. 78 as it moves across the span from right to left are 
given by the ordinates to the full line B E G F, the maximum negative shears- 
by the ordinates to the line A E' G' I, and the shears due to the " equivalent 
uniform load " by the ordinates to the parabolas BCD and A C I. In this case, 
therefore, we see that everywhere, except at the abutments, the actual maximum 
shears are greater than the shears as given by the parabola ; the excess, C G', 
at the centre amounting to about 21 per cent. 

Similarly, for the type-train shown in Figs. 78 and 79, and a span of 75 feet, 
the diagram of maximum shears, Fig, 80, shows that the maximum shears due 
to the actual wheel-loads are again everywhere greater than the shears 
corresponding to the equivalent uniform load. In this case, at the centre of the 



Fig. 77. 
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ism 

span, the actual maximum, when the axle-loads are taken, is equal to 24 • 2 tons, 
while the shear due to the equivalent uniform load is only 21*7 tons, or 
10 • 3 per cent. less. It is obvious, therefore, that while tables of " equivalent 
uniform live loads " derived from the maximum shears may be of great value in 
making the preliminary calculations, it will often be necessary to draw out the 
actual diagrams of maximum shears, or at least determine the maximum shear 
at the centre and at one or two other points along the span, before preparing the 
working drawings. 

The work of constructing diagrams of maximum shear may be considerably 
facilitated by noting the following observations : — In Fig. 76 the maximum 
positive shear for any point under B E occurs when the first wheel a is over the 
point, and for the remainder of the span it occurs when the first heavy wheel c 
is over the point. Again, assuming the engine as running backwards from left 
to right, the maximum negative shear for the part above A E' occurs at any 
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point when the first wheel, i, is over the point, and for the remainder of the span 
it occurs when the wheel e is over the point. This would seem to indicate 
that the maximum shear at any point will occur when either a or c is over 
the point if the engine be running forwards, or under i or e if running 
backwards. This point may be investigated analytically as follows : — 

To determine which of the wheel-loads at a given point D will give the 
maximum shear at the point, assume the train-load, in the first instance, to have 
moved so far along the span from the farther abutment B (Fig. 77) as to bring 
the front wheel Wi over the point ; and let E be the total load on the beam, 
and X the distance of its centre of gravity from B. The supporting force at A 

and shear just in front of Wi will then be = E.^ (1) ; and so long, therefore, as 

no other load comes on or goes off the beam, the shear will vary as x, or 
according ,to the ordinates of a straight line. 

Further, with wheel Wj over the point D, let the loads (of which E is the 
resultant) on the beam be Wi, Wa, W3 . . . W^.i, and let the first load off the 
beam be W„ and 2 its distance to the right of B ; then, if z be less than a^, 
the shear at D, as the train moves towards the left until W2 comes over 
the point, will increase to 

E^+^ +W„^i^- Wi (2) 

Of the two wheels Wi and W2 therefore, W2 at D will give the greater or less 
shear at the point according as the expression 

is positive or negative. 

Again, with wheel W2 over D, let E' be the total load on the beam, and 
a/ the distance of its centre of gravity from B ; and let W,i+i be the first load 
off the beam, and 2' its distance to the right of B. Then, if z' be less than (^2), 
the distance between the wheels W2 and W3, of .these two wheels at D, "W3 will 
give the greater or less shear according as 



is positive or negative. 



?1 + W , ^^^^ - — ^ (4) 
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Now for the train of six-wheels coupled engines shown in Figs. 78 and 79, 
moving from right to left, Wi = 9 tons = W2, Wg = ISi tons, % = 6'5 feet, 
and ttj = 7-25 feet. Hence, for this case, expressions (3) and (4) cannot be 
respectively positive and negative, or, in other words, "W2 can never give a 
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maximum shear at any poiut. In the same way it canl easily be shown (see 
page 49) that W3 (or wheel c) at D will give a greater shear at that point than 
will W^, and W4 a greater shear than "Wg, land so on. 

When the train shown in Fig. 78, therefore, is moving from right to left, 
the maximum shear at any point along the span will occur when either wheel fa 
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or wheel c is over the point ; and in the same way, when the train is moving 
from left to right. Pig. 79, it can easily be shown that maximum shear will 
always occur under either wheel i or wheel e. 



Diagrams of Maximum Shear Construction. 

On the diagram already drawn and used in determintag. the greatest 
maximum bending moment, etc., add the load steps L M M' N P Q . . . , 
Fig. 78, and then, on a sheet of tracing paper placed over the diagram, draw, at 
a distance apart equal to one-tenth of the span, a series of vertical lines, one 
of which is made to pass through the centre of wheel c. These lines will cut 
the funicular polygon in points 7', 6', 5' . . . Now assume the girder placed 
with its left terminal below wheel c; the loads on the girder will then be 
c, d, 6 . . . a', V, c', and d', and the corresponding diagram of bending moments 
will be C D E . . . C D' O'. Through point in the force polygon draw O o 
parallel to the closing line C o' to cut the line of loads in o, and through o draw 
the horizontal line o" o" under the girder. 

The diagram of positive shears will then be o" N N' P Q . . . T T' ; o" N 
representing the shears at the left terminal, and ^ P, g Q . . . the shears at the 
distances of ■ 1, • 2, . . .of the span from that terminal. If the girder be 
now advanced to the left, under the loads, through a distance of one-tenth span 
the new diagram of bending moments will be 1' C D E . . . B' C 1' ; and if 
a line 1 be drawn parallel to the closing line 1' 1' to cut the line of loads in 1, 
and through this latter point a horizontal line 1" 1" be drawn under the girder, 
we shall obtain the new diagram of positive shears 1" M M' N . . . S S', in 
which the shears at the left terminal and at the distances from it of • 1, • 2, 
0*3 span . . . are now represented by 1" 1, 5ii Njjpi P. . . . Advancing the girder 
in this way through successive intervals of one-tenth span we obtain a series 
of diagrams of positive shear corresponding to the base lines 0" 0", 1" 1", 
2" 2" . , . each of which gives a value for the shear at the left terminal and 
at the distances of 0*1, 0*2, 0-3, 0*4, and 0-5 span from it. These values 
can now be scaled from the diagrams and tabulated, and the greatest of 
the values given for each point along the span taken and used in plotting 
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the diagram of maximum positive shears. A similar method may then be 
adopted as shown in Fig. 79, for constructing the diagram of maximum negative 
shears. As the maximum positive shear at any point, however, occurs when 
either wheel c or wheel a is over the point, and the maximum negative shear 
when either wheel e or wheel i is over the point, the construction of the 
diagram is facilitated considerably by adopting the following procedure. 
Under wheel c the shears at the left terminal, and at the distances from it 
of 0-1, 0-2, 0-3, 0-4, and 0-5 span, are given by CN, m-iN, WaN, WsN", W4N 
and TijN respectively; or, in the force diagram, by 0-6 c, 1-6 c, 2-6 c, 3-6 c, 
4-6 c, and 5-6 c. To determine the shears under wheel a we may proceed as 
follows : — For the position of the girder represented by the base line 6"6" the 
shear at the centre of the span is m^I, and for the position 7"7" it is tsU. 
N"ow during this change in the girder's position, if the total load upon the 
girder remained the same the shear at the centre would, according to equation 
(1), page 73, diminish at a uniform rate, as represented by the line mj^g ; and, 
therefore, when wheel a was over the centre the sheaf at that point would be Z5 L. 
Similarly, at a distance of one-tenth span from the centre, when wheel a was 
over the point the shear would be lili, and so on. If, however, during the 
change of position of the girder a new load came on, or a load went off the 
girder, the shears under load a would not be given exactly by Z5 L, li L, etc. ; 
but if the steps through which the girder is advanced were small — say, one- 
twentieth of the span — the errors thus introduced would be negligible. 

Proceeding in the same way to determine the maximum (negative) shears for 
the half girder on the right, the girder is first placed with its right terminal 
under wheel e, Fig. 79, and then advanced towards the right through successive 
intervals of one-tenth span. In this way the shears under wheel e are first 
obtained, and then those under wheel i, the shears under wheel e at the right 
terminal and at intervals of one-tenth span from it being given by o"Q', 
§'1 Q', 2? Q' ■ • • S's Q'> and those under wheel i by M5 U' at the centre, and by 
% U', «3 U' . . i at intervals of one-tenth span from it. 

For the example worked out and illustrated in Figs. 78, 79 and 80, the 
maximum positive shears at the left terminal and at the distances from it of 
G"l, 0-2, 0*3, and 0-4 span, occur under wheel e, and are represented by 
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o" N, Ml N, n-i, N, % N, and n^ N respectively ; at the centre, however, the 
positive shear is a maximum when under wheel a, and is represented by l^ L, 
Fig. 78. 

The maximum negative shears at the right terminal and at intervals of 
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one-tenth the span from it are given by o" Q', $'i Q', g-a Q' (under e), % XT', Vt, U', 
and Mg U' (under i). 

The maximum shears having been thus determined for a number of points 
-along the span, the diagram can be plotted as shown in Fig. 80. 
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Instead of advancing the girder through successive intervals of one-tenth 
span, as in the example given (or of one-twentieth span, where great accuracy 
is required), an approximation to the true form of the diagram of maximum 
shears, and one which would be sufficiently accurate for the great majority of 
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cases met with in practice, could be obtained by determining the maximum 
shears at the abutments, at a quarter span, and at the centre, and then erecting 
ordinates representing the maximum shears at these points and joining their 
extremities by straight lines. 
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Metallurgists. By J. O. Arnold, Professor of Metallurgy, and F. Ibbotson, 
Lecturer on Metallurgy, University of SheflSeld. With 22 Illustrations and 
Diagrams. 10s. 6a!. net. 
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